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(a) Sketch the graphs of y =3e” and y = x+ 3 on the same diagram. Indicate

clearly the coordinates of the points of intersection between the 2 graphs.
Solve the inequality 3e* > x+3.

(b) Hence find E ‘3&:Jc —x—3| dx, giving your answer in an exact form.

@) Find %(eﬁ“""\/l_—_x_2 )

-
sm X
e

(#i) Hence using integration by parts, find I x J-_Z dx.
1-x

The curve C has parametric equations
1 1
x=2t—t—2, y:2t+;, tel ,t=0.

The point P on the curve has parameter ¢ =1.

() Find the equation of tangent and normal to C at the point P.

(i) The tangent at P meets the y-axis at B. The normal at P meets the x-axis at
A.If O is the origin, find the area of the quadrilateral O4PB.

A sequence is such that 4, =2 and u, =u,_,+#’ +[%) for nz1.

2 1 2 n
n_(n_i . By considering »_(#, —#,.,) ,{ind a formula

(a) Ttis given that Zﬁ = y
=l r=1

for u, in terms of n.

n r+2
(b) Hence, using the formula of u, found in (a), find Z[(r+2)3 +(5) }

r=0

exactly.

[3]
(2]

[1]

[3]

[4]

[2]

[4]

3]
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6

3
(a) It 1s given that a , b and ¢ are non-zero vectors.

If [a+b|=]a-b

, show that the two vectors a and b are perpendicular to

each other.
(b) (i) Explain why the result of

ax(b+c)+bx(c+a)+cx(a+b)
1S a vector.

(ii) Simplify ax(b+c)+bx(c+a)+ex{a+b). Show your workings clearly.

(i) The variables x and y are related by

(x+y)i1—‘xy+ky=2 and y =1 at x=0,

. d’y dy (dyjz
tant. —+(1+k) =+ = | =0.
where £ is a constant. Show that (x+ y)—5+(1+k)

1

—————— in
sin? [Zx + E—)
2

If the coefficient of x*in the expansion of g(x) is equal to twice the

(ii) Given that x is small, find the series expansion of g(x)=

ascending powers of x, up to and including the term in x*.

cocfficient of x” in the Maclaurin series for y in (1), find the value of £.
(iii) By further differentiation of the result found in (i), and taking % =1, find the

Maclaurin series for y, up to and including the term in x°.

(a) State a sequence of transformations that will transform the curve with

equation 3 —x? =1on to the curve with equation

9% —54y—x? ~2x+79=0.
(b) A curve C has equation
9y? ~54y —x* —2x+79=0.
(i) Forreal values x, use a non-graphical method to determine that y cannot

lie between g and b, where g and b are exact real constants to be
determined.

(i) Sketch the curve C, indicating clearly the equations of all asymptotes
and the coordinates of the turning points.

(iii) By adding a suitable curve, determine the number of real roots of the
equation,

9[(x+1)2+3:|2 -54] (x+1)° +3]- 20+ 79 =0.

(4]

[1]

[1]

()

[3]

[4]

(3]

[3]

[2]
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The functions f and g are defined by

f:xH]4+2x—x2|, xel, x=3.5,

gixt>4+e™, xel, x=-1,
where a > 0,
{a) Find f~'(x)and state its domain.
(b) Find the value of x for which £ (x)=f(x).
(¢) Show that the composite function fg exists and express the exact range of fg in the
form of A+ Be™® +Ce 2% where 4, B and C are real constants.

gx) 5,

(d) Without the use of a graphing calculator, solve the inequality — e
X —2x-

Leave your answer in exact form.

(a) The complex numbers z, and z, are given by

1+1 Y .. (7
z,=—— and z, =cos| — |[+1sin| — |.
1-1 (4) (4]

() Find z+z, in the form re’’ , where r is an exact real constant in

trigonometric form such that r > 0, and @ is in the form k7 where & is
an exact real constant such that —~1<k<1.

(i) Findalso z +z, inthe form x+iy, wherex andy are exact real constant.

Hence show that tan (%) =1+ Ji .

(b) The complex number w is given by w=cos&-+isin8, where 0 <8< % )

(i) Show that 1~ w* = -2iwsin 6 .
(ii) Hence find the modulus and argument of 1- w* in terms of 4.

w*

(iii) Given that [ J is real and negative and that & -—-% , find the three

smallest positive integer values of n.

[3]
[2]

(4]

(2]

[2]
[2]

[3]
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5
10 A rice retailer pledges to donate a bowl of rice for every kilometre run by
participants in a service-learning project. Donations will be made in complete
bowls, based on the cumulative distance each individual ran by the end of the 28-
day period. Distances ran by multiple individuals will not be combined. For
example, if person A runs 18.8 km and person B runs 11.2 km, the retailer will
donate a total of 29 bowls. Two such participants, athlete A and B, will each
accumulate the distance they run for a total of 28 days via a plan each devised.
s Athlete A plans to run 5 km on the first day and then increase the distance
by a fixed 0.65 km more than the previous day.
= Athlete B plans to run 7 km on the first day and then increase the distance
by 4% more than the previous day.

(a) Determine the least number of days required for the cumulative distance of

athlete A to exceed that of athlete B. [3]
(b) How many bowls of rice will both athletes contribute, in total, at the end of
the 28-day period? [3]

(¢) Suppose athlete A plans to cover at least 400 km by the end of the 28-day
period, what is the minimum distance he should run in day 1 if the plan to
increase by 0.65 km more than the previous day remains the same. Give your
answer to the nearest metres. [3]

(d) On days where the distance athlete B is supposed to run exceeds 10 km based
on his own plan, he will limit it to exactly 10 km instead. Given this change,

how many bowls of rice will he contribute at the end of the 28-day period? [3]
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6

In a large town, the number of people infected by a particular virus ¢ days after
the virus was first discovered is x. It is assumed that the rate of infection is
proportional to x. Initially there are 5 people who are infected by the virus, and
there are 5120 people who are infected by the virus 30 days after the virus was

first discovered.
() Show that x=5(2)".

A cure and vaccine for the virus were discovered and administered to the
population 30 days after the virus was discovered. Individuals who were cured
are not at risk of reinfection. The number of people infected by the virus p days

after the cure and vaccine were administered is represented by y. It is believed
that the new rate of infection from then on is proportional to 6400y — ¥

It is given that 30 days after the cure or vaccine was administered, 3200 people

remain infected with the virus.

(ii) Show that y= , where H is a constant to be determined.

1+ 2(15+H)
(iii) By finding the number of people in the town that will be infected by the virus

in the long term, comment on the effectiveness of the cure and vaccine

administered.

End of Paper

[5]

[6]

2]
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2

Section A: Pure Mathematics [40 marks]

. L T 1
By using the substitution x =coté, for 0<#<--, find I — .
4 1+ x

9u—82du-
449y

(i) The curve C is given by the parametric equations

(a)) Find j

where u > 0.

2
x=u +tu+l, y= R
Y o

Find the exact area bounded by C, the x-axis and the line x=3.

(b) Find the volume of the solid formed when the shaded region bounded by the
lines x = — 4, y = 2 and the ellipse (x+2)* +4(y—1)* =4 is rotated through

27 radians about the y-axis. Give your answer correet to 1 decimal place.

+ 4 ‘
' (x+27 +4(y -1 =4 |

With respect to the origin O, the points 4, B, C, D and £ have coordinates

4(2,3,4), B(6,5,7), C(8,9,6), D(4,7,3) and £(5,6,10).

(a) Show that the cartesian equation of the surface containing the points 4, B

and Eis x—-5y+2z=-35.

A line passes through the point D and the midpoint A of the line segment EC.

(b) Find the vector equation of the line DM.

(¢) Find the exact coordinates of the foot of the perpendicular from the point M

to the surface found in part (a).

(d) Hence find the exact shortest distance from the point M to the surface found

n part (a).

(e) Verify the line DM intersects the surface found in part (a) at the point P with

coordinates ( 9,8,13) . Hence find the vector equation of the reflection of the

line DM about this slant surface.

(4]

[3]

[4]

B3]

2l

(3]

3]

[2]

[4]
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3
A popular toy company 1s designing a new water play feature for children. The
toy consists of a cylindrical water container that will hold water for various
playful activities. This cylindrical container is designed to be inscribed within a

fixed, rigid hemispherical shell made of durable plastic of negligible thickness.

Fcm 2acm
The shaded region in the diagram above shows the cross-sectional view of the

upright cylindrical container that is inscribed in a hemisphere with fixed radius

2a cm.

(a) If the radius of the cylindrical water container is 7 cm, show that the volume
¥ cm?® of the water container is given by ¥ = zr2Jda® —r* .

The unique feature of this toy is that the height of the cylindrical container is

adjustable, allowing it to expand or contract while always touching the inner

surface of the hemisphere.

(b) Water is pumped into the container at a rate of 1007 cm’s™ while the
adjustment is taking place. If 2 = 50, find the exact rate of change of the
radius of the container at the instant when the height of the water container
1s 80 cm.

{c) Using differentiation, find in terms of a, the value of » which gives a
maximum value of V. Justify that this value indeed gives a maximum V.
Hence write down the exact maximum volume of the cylinder in terms of a.

(d) Sketch the graph showing the volume of the cylinder as the radius of the

cylinder varies.

[1]

[5]

[4]
[2]
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Section B: Probability and Statistics [60 marks]
An amateur music composer is arranging a sequence of four musical notes
followed by three beats. There are 7 possible notes (labeled A to G) and 5 possible
beats (labeled 1 to 5). The order of the notes and beats is important in the
composition. Find the probability that a randomly chosen sequence has
(i) the third beat being a higher number than the second beat,

(ii) exactly two notes the same or exactly two beats the same, but not both.

Tetrahedral dice have four faces. Two fair tetrahedral dice, one red and one blue,
have faces numbered 0, 1, 2, and 3 respectively. The dice are rolled, and the
numbers faced down on the two dice are recorded. The random variable T is
defined as the score on the red die multiplied by the score on the blue die.

(i) Find the probability distribution of 7.

(ii) Find E(7) and show that Var(T) = 11—15- Show your workings clearly.

(iiii) Evaluate P(|7'—244> o), where x=E(T) and o =Var(T).

The masses, in grams, of the packets of semolina flour follow the distribution
N(225, 252) and the masses, in grams, of the packets of millet flour follow the
distribution N(x, ).

(a) Find the probability that 4 times the mass of a packet of semolina flour is

between 0.85 kilograms and 1.05 kilograms.
(b) Let M be the mean mass of 3 packets of semolina flour and 2 packets of millet
flour. Given that P(M < 125) = P(M >265)=0.02, show that the value of

is 150. Hence, by finding an equation involving o , find the value of o .

[1]
[3]

[3]
[2]

[2]

[2]

(5]
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An office team of 10 people includes 7 men and 3 women named Anne, Beth, and
Cathie. For an upcoming fire drill exercise, 5 individuals will be chosen, each
assigned a unique role, to carry out the drill. Determine the number of possible
ways to select 5 people from this group of 10

(i) to conduct the fire drill,

(ii) such that at most 1 woman is selected to conduct the fire drill.

(iii) After the fire drill exercise, the 10 people are to hold a discussion at a round
table with 10 identical seats. Determine the number of ways in which Beth
is seated between Anne and Cathie. _

(iv} A group photo of the 10 people, arranged in two rows of five, was taken after
the discussion. Determine the number of ways in which Beth is not standing
beside Anne or Cathie.

A bakery produces batches of cookies. On average, the proportion of flawed
cookies produced is p, where 0 < p < 1. The cookies are packed in boxes of 20.
The number of flawed cookies in a box of cookies is denoted by C.

(a) State, in context, one assumption needed for the number of flawed cookies in
a box to be well-modelled by a binomial distribution.

(b} Given that P(C = 0 or 1) = 0.15, write down an equation for the value of P,
and find this value numerically.

For (¢) and (d), take p = 0.08.

(c) Ten boxes of cookies are randomly chosen. As part of the bakery’s quality
control process, a box of cookies will be accepted if it contains fewer than 4
flawed cookies, otherwise it will be rejected. Find the probability there are at
least 2 but no more than 5 rejected boxes.

(d) A random sample of 15 boxes of cookies is taken and 3 of the boxes are found
to be rejected. Find the probability that the third rejected box occurs on the
fifteenth box.

{1]
[2]

[1]

[4]

[1]

[2]

[4]

[3]
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(a)

(b)

6

Observations of 8 pairs of values (u, g), representing the hours of internet
usage per week () and academic performance (g) in terms of Grade Point

Average (GPA), are shown in the table below.

Internet
40 6.0 8.0 a 120 | 160 | 180 | 200

usage (1)
GPA(g) | 37 | 35 | 34 | 32 | 30 | 27 | 26 | 25

It is known that the equation of the linear regression line of g on u is

g =-0.0765u+3.99, find the value of a correct to 1 decimal place.

A researcher is studying the relationship between the battery life (y, in =
hours) of a new smartphone model and the screen brightness setting {x,
in %). The following data was collected from the tests conducted at
different brightness levels.
Screen
Brightness (x) 10 20 30 40 50 60 70
Battery life (y) | 482 | 47.4 | 455 | 373 | 35.6 | 31.1 | 243
(i) Draw a scatter diagram for these values. 2]
i)  One of the values of y appears to be incorrect. Circle this point on
your diagram and label it P. 1]
(iii) Explain why a linear model y=a+bxisnota suitable model. (1]
(iv) It is thought that the battery life () can be modelled by one of the
formulae after removing the point P.
(A) y=a+bx’,
(B) y=a+blnx,
where a and b are non-zero constants.
Find, correct to 4 decimal places, the product moment correlation
coefficient between y and x* as well asy and Inx.
Explain clearly which model is a better model for this set of data.
For the case identified, find the equation of a suitable regression line. 3]
(v)  Using the regression line found in (iv), estimate the battery life when
the screen brightness is set to 80%. 1l
(vi) Comment on the reliability of your answer in part (v). 1]

BP~52
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11  (a) The leaves of a particular plant species have an average length of 12 cm with
a standard deviation of 3.5 cm. If a random sample of 100 leaves is selected,
estimate the probability that their total length is at least 1138 cm.

(b) An operator of a public workspace at location A claims that users of its one-
seater pods spend an average of 131 minutes using the facilities. To test this
claim, a random sample of 64 users was observed, revealing a mean usage
time of 127 minutes with a standard deviation of 16.4 minutes.

(i) Test at 3% level of significance whether the workspace operator's claim
is overstated. You should state the hypotheses and define any symbols
you use.

(ii) Explain the meaning of 3% level of significance' in the context of the
question.

(iii) The workspace operator at location B claims that the mean time spent by
users of its one-seater pods is 140 minutes, with a known population
standard deviation of 20.1 minutes. A new sample of 15 pod users is
taken, and the sample mean usage time, w, is reported. A hypothesis test
is conducted at a 5% significance level, and the operator's claim is not
rejected.

State two necessary assumptions for the test and determine the range of

values that w can take. Give your answer correct to one decimal place.

End of paper

[2]

[51

[1]

[5]
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