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1 Differentiate tan™! (——

e*+2

5 J with respect to x, leaving your answer in the simplest form
e -

where a,band c are integers to be determined.

[4]
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() | Given that the real root z, =~& , where @ >0 satisfies the equation
Zrazt+az+a’ =0,
find the other roots, Z, and Z, in terms of & . [4]
() | Hence solve iw® +aw® —iaw—a’ =0 interms of a. (2]
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In an Argand diagram, the points 4 and B represent the complex numbers 6¢'% and e’

respectively, where O< e <—g— and -g~< B<r.

(a) | Mark the points 4 and B on an Argand diagram. You are expected to clearly label the
relevant moduli and arguments of the complex numbers represented by the points 4
and B, in terms of g and . [2]

®) | Show that Iéei“mtieiﬁ

= psin[ﬁ—_ﬁ—) » where the integers p and ¢ are to be
q

determined. Hence write down, in terms of @ and f#, the perimeter of the triangle
OAB. [4]




(@) | A sequence u,, u,, u,,... is defined by «, = -1 and %, =4, ~0.5 +7, where rz2.

H
By considering Z(“r - H,_l), find an expression for «, in terms of n.
r=3

” n*(n- 1)’
(It is given that ) r’ =——]
Z; 4 15]
The divergence test states that for a sequence a,, a,, 4,, ... ,if lima, =c, where ¢ is a non-
zero constant or lima, does not exist, then the serics Za, diverges.
K30 =l
() | Determine whether Z“n diverges, justifying your answer. (2]

Rzt
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(1t is given that the volume of a circular cone with base radius » and height  1s %nrzh ]

A frustum of a cone is the portion of the cone which remains after its upper part has been
cut off by a plane parallel to its base.

The diagram below shows a vessel of lava lamp. It can be modelled by two open hollow
frustums with a common base radius » cm. To form this vessel, two congruent open cones
with base radius r cm are cut 1o create two frustums which are then joined along their
common base. The bottom frustum has a height of 5 cm. The radii of top and bottom
surfaces of the vessel are (7 -3) ¢m and 10 cm respectively.

r—3

10

(2) | Show that the height, in cm, of each of the original cones is o
r—

[t]

It is given that r=12.

(b} | Find the volume of the bottom frustum,

[2]

The vessel is now mounted on a flat base and mineral oil is poured into the vessel at a rate
of 10 cm’ per second.

(¢} | () |Find the depth of the mineral oil in the top frustrum when the volume of the

mineral oil in the vessel is 2000 cm’ )

[3]

(i) | Hence, using differentiation, find the rate of increase of the depth of the mineral

oil at the instant when the volume of the mineral oil in the vessel i 2000 cm>.

2]

BP-~-71




14

It is given that In(1+ y)=tanx.

2
(a) | Show that <y éZ(Z tan x + sec’ x). [3]
dx?  dx
(b) | By further differentiation of the result in part (a), find the Maclaurin series for y, up
to and including the term in <. 3]
Hence find an estimate for the value of ¢. [2]

©
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2

(3]

. X . . T
(a) |() |Find dx , using the substitution x =cos0 where 0 <9< =. (5]
= 2
(i) | Find | xsin'x dx. [2]
(b) | Find J cosaxsinbx dx, where 2 and 5 are real numbers and a# 5.
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A curve  has parametric equations

x=3+2secd, y=3tanf -1, -—-72£<9<%.

(a) | Find the range of values of x. 2]
(b) | Find a cartesian equation of C. 2]
{¢) | Hence or otherwise, sketch C, stating the coordinates of any vertices and equations
of any asymptotes, €]
@ | @ Find the equation of the tangent to C at the point P where #=p ,
ﬁi;w <p= g— [You do not need to simplify your answer.]. 3]
(i) | Show that the gradient of the tangent at P cannot ke in the interval [—%,%}
as p varies. [2]
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(a) P
3 p
y=x4+2
ol
o 1 2 .;x
i
n
The diagram shows part of the graph of y=x"+2 from x=1to x=2. The area
under the curve in this interval may be approximated by the total area of » rectangles,
4, as shown. The width of each rectangle is L.
n
< 13 3 1
Given that A i) (2n 41 ,showthat 4=""1+ — 4.~
27 =gl @ns) 3 2n o
Deduce the exact value of L : (2 + xz) dx, justifying your answer. 6]
(b) Region R is bounded by the curve y=Inx,x=landy=In 5.
(i) Find the area of R, [2]

(if) Find the exact volume of the solid generated when R is rotated through 4 right
angles about the y-axis.

[4]
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10

" Glucose is a simple carbohydrate that can be easily absorbed by the body and provides

instant energy. When a patient is dehydrated or unable o take food orally, glucose is given
intravenously to the patient via a glucose drip.

Glucose given intravenously enters the bloodstream at a constant rate of p units per hour. It
is absorbed by the body, leaving the bloodstream, at a rate proportional to the amount of
glucose present in the bloodstream. G denotes the number of units of glucose in the
bloodstream at time 7 hours after the glucose drip is administered.

(a) | Write down a differential equation relating G and 1.

[1]

(b) | Suppose there are 3 units of glucose in the bloodstream when ¢ =  and that the
amount of glucose in the bloodstream remains constant when G=8.
Show that the particular solution of the differential equation in part (a) is

_E,

G=8-5 % . (6]
(c) | Sketch the graph of G against 7. [2]
Instead of the glucose drip, a patient who is well enough will get his glucose from the food
he consumes. At the end of each meal, the rate of change in glucose in the bloodstream can
be modelled as [% +8in t) units per hour where 0 <1 < %n‘ .
(d) | Find the time at which the amount of glucese in the bloodstream

(i) increases most rapidly afier the meal, [2]

B {(ii) starts to decrease. 21
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i1

Taylor is training for a triathlon, which involves swimming, running and cycling.
On Day 1, he swims 1.5 km and then swims the same distance on each subsequent day.
On Day 1, he runs 2 km and, on each subsequent day, he runs 0.5 km further than on the

previous day.

On Day 1, he cycles 2.5 kim and, on each subsequent day, he cycles a distance 10% further

than on the previous day.

() | Find the distance that Taylor runs on Day 15. 12]
(b) | Find the day on which the distance that Taylor cycles first exceeds 12 km. 3]
(©) | On which days will the distance run exceed the distance cycled by Taylor? [3]
His friend, Swift, is also training for the same triathlon. Swift’s training programme is similar to
Taylor’s except that the distance for swimming, running and cycling on Day 1 is x km.

(d) | Find the minimum value of x if Swift intends to cover a longer total distance in the [6]

first 30 days than the total distance covered by Taylor. Give your answer correct to
1 decimal place.
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1 | (a) | The points P,  and R have position vectors j+k, i—2j+3k and -2i+j+4k

respectively. Find the exact length of projection of QE on @

(b) | Two non-zero vectors a and b are such that faj=2b

& is the acute angle between a and b.

and [a+ Ab|= 2§a—}ib|, where

. . . . 3
A is a positive constant. Using a suitable scalar product, show that cosf = _, where

[3]
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The functions f and g are defined by

3-2x

fix— 2,foerIR,x>—2,

X+
g:xi>|x|-1, forxeR.

(8) | Find ™' (x) and state its domain. 3]
(b} | Hence find 2 (1). (1]
(¢) | Show that fg exists and find its range. [3]
(d) | Solve f(x)> g(x), giving your answer in exact form.

[41
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Itis given that (x)=6kx+ x*, where k > 0.

(2)

Sketch the graph of y = f(x), indicating clearly the coordinates of the points where
the curve crosses the axes and of the turning points, if any.

2]

(b)

Describe the transformation that maps the graph of y = f{x) onto the graph of
y=x"-9%*.

(2]

!

It is given that

I 2 _
g(x)=F,6kx+x for -3k sx<k where k> 0

4
LR fork<x <2k

and that g(x)=g(x+5k) for all rcal values of x.

(©)

Sketch the graph of y =g(x) for -3k Sx<5%.

[4]

(@)

1

for -3k <x<2k.
g(x)

Sketch the graph of y =

(3]
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The plane p has equation r={3 |+5/ 0 |+7| 1 |, and the line / has the equation
4 1 -1
1 -1
r=|1i+A4]| 2 |, where A, s and  are parameters.
3 2

(2) | Show that / is perpendicular to p and find the coordinates of the point where / and p
intersect.

(5]

The line m meets  at the point 4(1,1,3) and it meets p at the point B(1,3,4).

() | The line » is the reflection of m in p. Show that a vector equation of » is

1 -4
r=|3|+u 2|, uckR .
() | Find the acute angle between # and p. (2]

(@) | Hence or otherwise, find the area bounded by the lines Z, m and n.

(3]
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Andrea participates in a game show. In each round of the game, Andrea responds to a series
of questions until she answers a question wrongly or she has answered five questions
correctly. She is awarded one point for every correct answer and is awarded an additional 3
bonus points if she answers all five questions correctly. It is given that she answers each

L - . . 4
question independently and the probability she answers each question correctly is r

(a) | Show that the probability that Andrea obtains 2 points in one round of the game is
16
125° [13
(b) | Find the probability distribution of the points that Andrea obtains in one round of the
game. [2]
{(¢) | Find the expectation and variance of the points that Andrea obtains in one round of the
game. [2]
(@) | Find the probability that Andrea obtains less than 3 points after two rounds of the game. | [3]
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An investigation on the number of hours, ¢, spent on mobile games per day, of 5 students and
the marks, m, they obtained in an examination out of 100 marks was carried out.

t 1.1 22 34 33 4.2
m 72 62 54 48 42

(3) | Sketch a scatter diagram of the data.

[1]

(1) | Use your calculator to find the least squares regression line of f on m, and state the
product moment correlation coefficient between ¢ and m.

13]

(¢} | Use the equation of the regression line found in part (b) to estimate the number of
hours spent on playing mobile games per day if a student obtains 30 marks. Explain
whether you would expect this value to be reliable.

[2]

@ Without any further calculations, explain if the product moment correlation between ¢

and % would be different from the value obtained in part (b).

[
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Aran is a telemarketer working in a large city. Each day, he speaks to 50 potential customers
and on average, he successfully makes a sale 6% of the time. The number of successful
sales each day is denoted by the random variable T.

(a) | State, in context, two assumptions needed for 7 to be well modelled by a binomial
distribution. 21
Assume now that T has a binomial distribution.
(b) | Find the probability that Aran makes at least 5 successful sales on a randomly chosen
day. [2]
() | Aran receives a bonus if he makes at least 5 successful sales a day. Find the
probability that he receives a bonus on 2 days out of a randomly chosen 5-day work
week. [2]
Aran is part of a team of 100 similar telemarketers.
(d) | Estimate the probability that on a randomly chosen day, the team makes more than
3.5 successful sales on average. [3]
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A giani panda’s daily diet consists almost entirely of leaves, stems and shoots of various
bamboo species. A panda foundation claims that giant pandas consume on average at most
25 kg of bamboo every day to meet their energy needs. A random sample of 40 pandas is
taken and the mass, x kilograms, of bamboo consumed per day by this group of pandas is
summarised below.

D (x—25)=804, 3 (x-25) =18035

(a) | Calculate the unbiased estimates of the population mean and variance for the mass of

2
bamboo consumed per day by pandas. 21
(b} | State the hypotheses that can be used to test whether the panda foundation’s claim is
valid. By finding the p-value, carry out the test at 2% level of significance, giving your
conclusion in the context of the question. {4]
(¢) | State,in context, the meaning of the p-value found in part (b). [1]

Another random sample of n pandas is selected by zookeepers in a certain country and the sample

mean was found to be 26.9 kg per day. A test was carried out at 2% level of significance.

(d) | By using the unbiased estimate of the population variance found in (a), find the least
possible value of n such that this new sample achieves a different conchusion from that
in (b}.

[4]
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A student takes the bus to school every morning. During peak hours, the traffic is cither
moderate or heavy. The time taken, in minutes, for a randomly chosen bus journey through
moderate or heavy traffic follow independent normal distributions with means and standard
deviations as shown in the table.

£ Mean Standard deviation
Moderate Traffic | 14 o
Heavy Traffic 27 25

@

Given that 20% of the student’s bus joumneys through moderate traffic exceed 15
minutes, show that o =1.19 correct to 3 significant figures.

2]

(®)

The probability of a randomly chosen bus journey through heavy traffic taking more
than a minutes is larger than 0.9. Find the range of values of a.

2]

©

The student is late for school if his bus journey takes more than 32 minutes, assuming
he leaves home at the same time as usual. He gets a demerit point if he is late on any
two consecutive mornings. For three consecutive mornings, the student’s bus
journeys encountered heavy traffic.

Find the probability that he gets a demerit point.

(d)

Find the probability that the time taken for two randomly chosen bus journeys
through moderate traffic differs by less than 0.5 minutes.

(e)

Find the probability that the total time taken for two randomly chosen bus journeys
through heavy traffic is greater than four times the time taken for a randomly chosen
bus journey through moderate traffic.
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i1

(@)

In a certain university, there are 110 Co-Curricular Activities (CCAs) clustered into
4 categories. There are 22 Arts and Culture CCAs, 16 Community Service CCAs, 38
Physical Sports CCAs and 34 Special Interest CCAs.

() Albert wishes to find out about approaches to training of the Physical Sports
CCAs, so he sends a questionnaire to 22 Physical Sports CCAs. Explain

whether these 22 Physical Sports CCAs form a sample or a population. [1]
(ii) | Benedict wishes to investigate the level of student engagement in CCAs, but
does not want to obtain the detailed information necessary from all 110 CCAs.
Explain how he should carry out his investigation, and why he should do the
investigation in this way. [21
(iii)) | Find the number of different possible samples of 16 CCAs, with 4 CCAs
chosen from each category. [2]
(®) | The probability of events 4, B and C occurring are given by P{4) z%, P(B)= 1%16
7 . . 1 13
and P(C)=—- respectively. It is also known that P(4nC)=——, P(B|C)=—= and
20 100 35
P{ANBNC)= 7 .
100
® [Find P(BNC). 2]
() | If events 4 and B are independent, find P(4nBNC'). [2]

@iii) | If events 4 and B are not known to be independent, find the greatest and least
possible values of P{4nBNC').

(4]
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