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1

(i) Express y= x4

) b
! in the form y =a+——z where a and b are constants to be
X— X

determined. (1]

(ii) Hence, state a sequence of transformations that will transform the curve with

equation y = 1 to the curve with equation y = 2 +41 i [31
X x—
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A cylinder with height 4 cm and base radius » cm is inscribed within a sphere with fixed
radius £ cm. The circumference of the circular top and bottom of the cylinder is in contact
with the sphere (see figure above). By using differentiation, find, in terms of k, the exact

value of # for which the volume of the cylinder is maximum. [6]
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3 The function f is defined by

f(x)——— 25in(%) for0<x<2,
6—2x for2<x<3,
and that f(x)= f{x+3) for all real values of x.

() Find the value of f(7). [1]
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(i) Sketch the graph of y=f(x) for 4<x<7. [3]

(iii) The region R is bounded by the curve y=f(x) and the x-axis from x=0

to x =5. Find the exact volume of solid generated when R is rotated 21 radians

about x-axis. [4]
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0 7 A
In the diagram above, OAB is an isosceles triangle where OA4 = OB =r cm. Itis given

that the length 4B =2 cmand angle AOB = —;E— & radians.

4
2—~\/§sin6'—cost9 '

(3]

(i) Using cosine rule, show that r* =

BP~690
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(i) Given that & is a sufficiently small angle, show that
r=~2+al+be’

where @ and b are constants to be determined. [4]
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5  An arithmetic progression 4 has first term ¢ and common difference d, where a and 4
are non-zero. A geometric progression G has first term b and common ratio 7.
(i) The first, third and eleventh terms of 4 are equal to the fourth, third and second

term of G respectively. Prove that the geometric senies of G is convergent. [4]
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o 1 :
(if) It 1s given instead that r = 3 and the terms of another sequence H is formed by

squaring the terms of G. Find the range of values of b such that the sum to infimty

of H exceeds the sum to infinity of G by more than % [3]
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10
6 Itisgiventhat f(r)= L
2" +1
2?'
. fF{r-f 1)= ‘ :
(i) Show that f{r)—f(r+1) (2’+1)(2’“+1) .

r

n 2
. o th It in part (i), find : ’
(ii) Using the result in part (i), fin §(2r+1)(2”‘+1) ¥
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r=1

n r+3
(i) Hence, find Z{ (2r+z+f) (2r+3+1)—(2r+5) : [4]
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12

7 A curve C has equation y* =3x’ —x+1.

(i) Find the exact coordinates of all the stationary points. [4]



(ii)

13

A particle moves along C to the stationary point S, found in part (i) where both the

x-coordinate and y-coordinate are positive. Given that its x-coordinate is increasing

at a rate of % units per second, find the exact rate of change of the gradient of C

when the particle is at point S. [4]

[Turn Over
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Figure 1 shows a triangular prism OABCDE, where O is the origin. Point F lies on AE
such that AF-FE = 1—k -k where 0 <k <1.Figure 2 shows a model of a crystal trophy
that is made by cutting away a tetrahedral section CDEF from the triangular prism

OABCDE. With respect to O, the coordinates of 4, B and D are (4,3,0), {0,6,0) and

(0,0,20) respectively. Itis given that OD=BC = AE .

Figure 1 Figure 2

(i) Write down the position vector of £ and find the position vector of F in terms of &.

[2]
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5k
(ii) Show that the equation of the plane CDF can be written as r-[ 0 |=20. [3]

1

(iii) Find the x-coordinate of the foot of perpendicular from the point E to the plane
CDF in terms of k. [3]
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16

(iv) Hence, find the value of & such that the reflection of the plane CDE in the plane
CDF lies on the plane OBCD. [4]



9
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17
The function f is defined as follows:
fix — —1—2 for xeR, x>k

o-3)
() State the least value of & for which the function £~ exists. [1]

For the rest of the question, take the value of & as the value found in part (i).

(i) Sketch, on the same diagram, the graph of y={(x) and y=f"' (x}, showing
clearly the relationship between the two graphs. [3]
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18

(i) Find the exact value of ™' (5).

The function g is defined as follows:

gix ,__)_1“_4\/; for xeR, x>0

Jx

(iv) Show that gf ™' exists and find its range in exact form.

2]

(3]
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(v) Solve the inequality gf (x)<0 algebraically. [4]
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20

A company proposed to build a water detention tank to address the flooding problem 1n
a village. To test the feasibility of the proposal, the company created a model of a water
detention tank, with a capacity of 300 cm’.
Water is pumped into the model of the tank at a constant rate of 50 cm*/min and pumped
out at a rate proportional to the volume of water in the tank. At time t minutes, the volume
of water in the model of the tank is ¥ cm’.

(i) Write down a differential equation for this situation. [1]

(ii) Solve this differential equation to obtain the general solution for ¥ in terms of ¢

[4]
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Initially, the volume of water in the tank is 100 cm?. After a minute, the volume increased

to 130 cm?.

(it} Hence, show that the particular solution for ¥ in terms of £ is ¥ = 289 —189¢ ™1™ |

correct to 3 significant figures. [4]

(iv) Find how long it will take for the tank to reach 95% of its maximum capacity. {1]

[Turn Over
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(v) Sketch the graph of V against 7. (2]

(vi) Explain, with justification, what will happen to the volume of water in the tank in

the long run. [1]



11

23

Mechanical engineers are responsible for the design of the drops and loops in roller
coaster tracks. In order to design a roller coaster ride that is exciting, yet safe, mechanical
engineers are required to possess a strong understanding of force, gravity, motion,

momentum, and potential and kinetic energy.

A mechanical engineer first designs part of a roller coaster track using the curve C, which
is defined by the parametric equations

x=£'+2, y=In(t+1) where t > -1.

(i) Sketch the part of the roller coaster track that is defined by C. (2]

[Turn Over
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The mechanical engineer then designs a drop in the roller coaster track. The drop 1s
modelled after the equation of the line N, which is the normal to C at the point
where t=2.

(i) Find the exact equation of line N. (31

(iii) For the roller coaster drop to be deemed safe, the acute angle between line N and
the x-axis needs to be between 30° and 80°. Comment on the suitability of using

line N in the design of the roller coaster drop. (1]
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An advertising billboard is designed to be mounted on the rollercoaster track. Its area can

be modelled by the area enclosed by curve C, line N and the x-axis.
(iv) Show that the area of the billboard is 4:1(1113)2 +bIn3+c, where a, b and ¢ are

constants to be determined. [8]

End of Paper
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Section A: Pure Mathematics [40 marks]
. d*y dy
() Given that y =In(1+3x+2x"), show that (l+3x+2x2)E+(3+4x)a-x—=4.

By further differentiating the above result, find the Maclaurin series for y, up 1o

and including the term in x’. [5]
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(i) Verify the correctness of your answer in part (i) by using the standard results given
in the List of Formulae (MF26). [2]

(iii) Hence, by using x = _;j , estimate the value of In3. (2]
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2 Referred to the origin O, the points A and B have position vectors a and b respectively.
The point C is such that O divides the line segment AC in the ratio 2:3. The point D
divides the line segment AB in the ratio 1:4.

(i) Show that the area of triangle OCD is given by Alaxb|, where 4 is a constant to

be determined. (5]
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(i) It is now given that a is perpendicular to b. Given that AP is the projection vector

of AO onto AB , show that 2?=,u(b—a), where 4 is a constant to be

determined in terms of |a| and |b|. [3]
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3 Do not use a graphing calculator when answering this question.
(a) The equation z° - 8z* +23z+k =0, where kis areal constant, has a root 2+ J3i.

(i) Find the value of k and solve the equation. [5]

(i) Hence, solve the equation 2z’ +8iz* —23z+4i=0 [2]



(b) The complex number w is given by w=cos@+isin &, where 0 <@ < g Find, in

w* .
terms of &, the modulus and argument of TR where w* is the complex
W+

conjugate of w. [4]

[Turn Over
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4

= . d COS X
(a) (i) Find a-x—[e )

(ii) Hence, show that

Isin 2x €% dx =2e"*(1-cosx)+C,

where C is an arbitrary constant.

COBX

dx.

(iif) Find the exact value of J: |sin 2xe

[1]

[3]

[3]
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(b) Using the substitution x =sec#, where 0< @< -g— find I

1
—— dx. 5
= [5]
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Section B: Probability and Statistics [60 marks]
For events A and B, it is given that P(4) = % , P(AUB)= % and P{4NB')= % .

(i) Find P(B). [1]

(ii) Determine, with a reason, whether the events A and B are independent. [2]

For a third event C, it is given that P(C)=%, P(AmBmC)=—é; and C is independent

of 4.
(ili) Find P(4'~C). []
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(iv) Find the range of values for P(4'nB'nC"). [3]
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12

At a carnival, a game stall offers a game of throwing darts. The darts will land either in
the bull’s eye, inner ring or outer ring. There is a probability of p, 2p and 5p of landing
in the bull’s eye, inner ring and outer ring respectively.
A player gets five points if the dart lands in the bull’s eye, three points if the dart lands in
the inner ring and one point if the dart lands in the outer ring. A round consists of two
throws. Let X be the total number of points for one round of two throws.

(i) Find the value of p and show that P(X =6)= 312 . Obtain the probability

distribution of X. [5]
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(i) Find E(X). [1]

(i) A player wins $1 for every two points earned. If a player pays $% to play one round
of two throws, find the value of £ for the game to be fair. 2]

[Turn Over
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The owner of a popsicles store would like to study the effect of daily average temperature

(x) on the number of popsicles sold (» ). A random sample of 10 days is taken and the

results are shown in the table.

Average Temperature, 22123 124 | 26|27 28 |29 | 31|33 36
x(°C)
Number of popsicles sold | 90 | 102 | 118 | 145 | 134 | 159 | 166 | 179 | 185 150
()

(i) Draw ascatter diagram for these values, labelling the axes clearly. Comment on the

relationship between x and y . [3]

(i) By calculating the product moment correlation coefficients, determine and explain

whether the relationship between x and y is modelled better by y=a+bx or

In(200 - y) = ¢ +dx. Find the equation of the suitable regression line. [4]
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(iif)  The store owner would like to estimate the number of popsicles sold when the daily

average temperature reaches 37°C . Find the estimate and explain whether the

estimate is reliable. [2]

(iv) Give a possible interpretation, in context, of the value 200 in the model
In(200—y)=c+dx. [1]

[Turn Over
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In this question you should state the parameters of any normal distribution(s) that

you use.
A fruit seller claims that his oranges have a mean mass of 365g. A consumer association
would like to test whether the fruit seller has overstated the mean. To conduct this test, a
random sample of 40 oranges is taken and the mean mass 1s found to be 364.2g and has
standard deviation 4g.

(i) Test, at the 5% level of significance, whether the fruit seller has overstated the

mean. [5]
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The diameter of oranges in centimetres is a normally distributed continuous random

vanable D. The standard deviation of D is 0.3 cm and under ordinary conditions the

expected value of D is 9 cm. A test is carried out, at the 5% significance level, to

determine whether the mean diameter exceeds 9 cm.

(ii) Given that the sample size is 50, find the range of values within which the mean
diameter of this sample must lie, such that there is sufficient evidence from the

sample to conclude that the mean diameter exceeds 9 cm. [4]

(iii) Another sample of fifty oranges is taken and the mean diameter of the sample is
found to be 8.9 cm. Without any further calculations, explain, with justification, the

conclusion that can be made at the 5% significance level. [1]

[Turn Over
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A carnival game involves one round of tossing 5 balls into a container, one ata time. Tt is
known that, on average, 35% of the balls tossed will go into the container. The participant
will win a prize if he tosses at least 3 balls into the container. The number of balls that a
participant tosses into the container in one round is denoted by X

(i) State, in the context of the question, two assumptions needed to model X by a

binomial distribution. Explain why one of the assumptions may not hold. [3]

You are now given that X can be modelled by a binomial distribution.

(i) Find the probability that a randomly chosen participant wins a prize. [2]

Ten randomly chosen participants played the carnival game once.

(iii) Find the probability that at most 6 of them did not win a prize. 121
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The game is modified to allow more participants to win a prize, where participants may
play one or two rounds of the game.

e Ifthe participant tosses at least 3 balls into the container in the first round, he
wins a prize.

¢ If the participant tosses fewer than 2 balls into the container in the first round,
he will not win any prize.

» If the participant tosses exactly 2 balls into the container in the first round, he
will play a second round. If he tosses at least 4 balls into the container in the
second round, he wins a prize.

(iv) Find the probability that a randomly chosen participant wins a prize in this modified
game. [2]

(v)  Given that a randomly chosen participant wins a prize in a modified game, find the

probabihty that he tossed fewer than 7 balls into the container. [3]

[Turn Over
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In this question you should state clearly the values of the parameters of any normal

distribution(s) that you use.

Papayas and watermelons are sold by weight. The masses, in kg, of papayas and

watermelons are modelled as having normal distributions with means and standard

deviations as shown in the table.

Mean mass Standard deviation
Papayas 1.85 0.12
Watermelons 6.50 0.72

(i) Sketch the distribution for the masses of papayas between 1.4 kg and 2.3 kg.

2]

(i) Find the probability that the mass of a randomly chosen papaya is less

than 1.7 kg.

[1]
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(iif) Find the probability that the mass of a randomly chosen watermelon exceeds the

mass of a randomly chosen papaya by more than 4.5 kg. 3]

(iv) The mean mass of n randomly chosen watermelons is denoted by Y kg. Given

that P (? > k) =0.2, express & in terms of . [3]

[Turn Over
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Papayas are sold at $2.20 per kg and watermelons at $1.45 per kg

(v) Calculate the probability that the total selling price of 3 randomly chosen papayas

and 4 randomly chosen watermelons exceed $50. [3]

(vi) State an assumption for your calculations in parts (iii), (iv) and (v). [1]

End of Paper
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2024 H2 MATH (9758/01) JC 2 PRELIMINARY EXAMINATION — SUGGESTED SOLUTIONS

>u.u—.mmnm§ of Eﬂn_.a_:.mnne__ Ewumir\y&:mﬁ&

2 | Let V' be the volume of the cylinder (incm’). | Steps to solve Maxima

1 Transformation of Curves By Pythagoras Theorem, 1. Draw a clear diagram and define all variables,
= ; where necessary.
@ 1~u+_|~?:é+w|~ 9 here a=2 and b9 A h p
YELTAT T goa 2ty Whema=2land b=9. 2]t =k 5 2. Form equation(s) relating the variables.
= 2 3. Express quantity to be maximized/minimized
@i =k - L 4] d in terms of a gingle variable, say x (if there are
Note: For sequence of transformation questions, you MUST describe the 4 2 variables, express one in :_w:um of another)
transformations (using the keywords) and not just write the replacements Question asks for “volume of » AP )

the cylinder is maximum’ 4. Differentiate w.r.t. x and equate to 0 to find the

tati int(s).
Hence the formula you need is slationary p oEAm.u
the volume of cylinder 5. Use 1™ or 2™ derivative test to determine/prove
— nature of the siationary peint.
x-direction [Replace x by x ~ (k)} _ y-direction [Replace y by y — (¥)] V=mr’h
* Sign of (k) determines positive / negative ., R
=n| k" ——h ,from(l)
e Magnitude of Q& %83.::2 no. ..;. :m;m of »..aam_w:e.. 4 4/.../
|wﬁ|..m2."_..3 a factor of a E:.w:n_ to »_5 t?»».m / y-axis} T o kR Question asks for ‘exact valne of A’
, . 4 You should keep # and get rid of r so that you
Parallel to the x-axis Twnw_wom xby & Parallel to the y-axis _Hwnﬁ_moo yby Wg can directly mo?ﬂ and wmumimq the question ¥y
gmaﬂonmﬁo E.: h, Note: £ is a constant (radius of sphere
s kisthe mqaww mwSon “\ o R ant (radius of sphore)
&
For maximum V, am =0 _
Method 1: Stretch parallel to p-axis v 3 Reminder: When you square root both sides of the
R A R Ly BN equation, you will have =, i.e.
L) 1 o (). 1 9 @ 9 @ 2 ;
y== ry= o [=m—m y= sy =2 — . 4k 2%
x {x-4) \9) x-4 x—4 x—4 O R }leuv}uwﬂ
(1) Translate 4 units in the positive x-direction VA 0 2%
{2) Stretch by a factor of 9 parallel to the y-axis o e So you should state why you only want A= Nl
{3) Translate 2 units in the positive y-direction 3 b\ from confext of the question
Alternative: In the sequence (2), (3), (1) o (2), (1), (3) B 2 (- 4>0)
3 Remember to verify using the 1* or 2™ derivative test

Method 2: Stretch parallel to x-axis that the value of 4 gives the mazimum volume
1 g 1 9 @ 9 9 9 a]
y= ..w.‘n y= = >y =

=2 - B yfy_2y=—2_ R
3 x ey r=2)=g=r=2+ 7
5

For 1" derivative test, yon need
to state clearly the value of A

Method 1: 1* derivative test

- '\ +
(1) Stretch by a factor of ¥ parallel to the x-axis i ﬁ 2%k w 2k ﬁ 2%k u
(2) Translate 4 units in the positive x-direction Qw- zlxwu J3
(3) Trunslate 2 units in the positive y-direction dav . 0 ~ For 1* derivative

Alternative: In the sequence (1), (3), (2) or (3), (1), (2) dh test, you B.onm to
state the signs of
Slope \ ./ ar and
dh
ok comesponding
. ¥ is maximum when A=—. slope
3
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4 g.s.a_p_i: Series

(1) | Using cosine rule,

ermula NOT given in MF26;
paE Y L nomhm l& 13 Cosine Rule:; ” = 5" +¢” --2bccos 4
: 2) Sine Rule: —— =2 =
ine Rule: —— = ———=—
4=2¢ 247 nommlmw sind sin® sinC
re= S SN
uh_ - ocwmm |m5
3
4
= - = Use MF26:
MT Ihncmwgm% +5in mez muw cos{ 4 - B)=cosAcos J +sin Asin B
_ 4
21— wncmm._.&uim
2 2
4
— shown
2—+/3sinf —cosd A v
() ¥ o= |,\|m.lf§!$: “¢ is a sufficiently small angle™ means
2—-+3sinf#—cosd use small angle approximation
4 (¢ and wbove can be neglected)
-—
1 Use MF26:
Nla\wml@i\mnu sinf~g
2 P
4 cosf R_IJM
T&?w%
Use MF26:

re NmT&mL&d - %Ai@ﬁﬁaa

2 2

{1+x)' =1+ E.+FN|_MHH o

(Yoo e

=2 H+u.\.|u.m|,u.
2 4
.4\\

=2 _+!uh_m.._+wm.H 4.
2 8

9

Qu +W%u+:.

nmjmfm%

7
a=+3 and @MM A Answer question

TMIC/2024 JC2 Preliminary Examination Suggested Solutions/H2 Math (9758/01 ¥Math Dept Page 5 0f 21

5 |[APand GP

) | Method 1
br=a+10d -—- (1)

b =da+2d — (2)

b =a —-(3) e fourth term of G a

@ a+2d | " thirdterm of G a+2d
\"&.T.an"n-fmch r= third term of G _ a+2d

" secondterm of G ar+10d

ala+10d) =(a+2d)*

a’* +10ad = & +4ad + 4d*
6ad =4d°
2

nnwm since d # 0

Hence, r=———=—2- = _

Since |r|= WA 1, hence the series is convergent.

4
/ To prove geometric series &G is

Method 2 convergent, show |r|<1.

br=a+10d —— (1)
B =a+2d e (2)
=a —03)

Eqn(2)—(1) b —br=—8d -e{4)
Eqn(3)—(2) b —br*=—2d weu(5)
® - -2
@ BP-br -84

P-r _1

¥-r 4
(-9 1

ri-r) 4 u\_zﬁ_sé.ﬁ r=l1.
1

Since d20=>r=1, qu

. 1 L
Since |r|= M <1, hence the series is convergent.
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7 Techniques of Differentiation

® |y =3x"-x+1

Differentiate wr.t. x,

Y _gx?_1 4] Use implicit differentiation

2
Ve dr
dy _
At stationary point,
de
9x* -1=0
1 1 Always give your answer in the simplest
X=— 0T ——
3 3 .\ form! ie 9 =3
7 7 77
1 )\\l\ .(\‘W cE v= muqﬂﬂ.{ mnibrwl
When x=—, y=— of ~—
3 3 3
Answer the question. Give the
When x=—L y= Tl COORDINATES of the stationaty
3 3 3 points. You do NOT need to
determine the nature of the stationary
potnts.
Stationary points are i)\“ , |m ﬁ ) ||u||;\m ; wulﬁ :
u 3 373 3 3 3 3
) al
The stationary point in the first quadrant is .m. 3
dx 1
Since the x-coordinate is increasing, MM = W
dy dy dy
% % d/ &
(@) () o 1&) oo
= — = ——x—
dt dx w_ds dr dx® dr
Impeortant step: Use chain rule and note
¥ oo aﬁw ;
dx that 4/ _ &y
2
Differentiate wrt. x, dx dx
AQIJ 12982 c18x T Use implicit differentiation to find the 2
dx dx derivative
2
dy d?y
= | +y—==9
TL 7
TMIC/2024 JC2 Preliminary Examination Suggested Selutions/H2 Math ($758/01)/Math Dept Page 9 of 21

14T @ a1
Atpoint §[ = XL | E_o ZF.Z
pom T“L“& R
Jidy (1Y d&y 9
ﬂ%-@@ualﬂ

dy
.AL&;NA&-P
TR e UF N

1

Hence the rate of change of its gradient at point § is .)\l.‘w units per second.
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Alternative Methed:
Let N be the foot of perpendicular from poini E to the plane CDF.
-4
ED=|-3
0
EN = Ag . .,.v i Students using the projection method needs to be
carefi1l when applying the projection formula. Tt
IGAVEL must start or end at the same point,
all o ”
Gl
C25k 4 ﬁ |
Sk
20k
=gz 3| 0
25k +1
1
100%*
. Dot S
4 Sk (25K* +1)
ON=| 3 |+ | |- 3
25k +1
20 1 20k
20-—F——=
(258 +1)
100k% 4

The x-coordinate of N = 4 —

(258 +1) ?Mt +1)

(iv) | Let E” be the reflection of point E in the plane CDF.
Thought process:
Point £ lies on plane CDE.
We can use the foot of perpendicular from
5~ Plane CDE point E to plane CDF found in iif) to find the
, reflected point.
rl_.. Since the reflected plane lies on the plane
i —~Plane CDF ORCD, the reflected point will lie on plane
2 OBCD.
! From the diagram, we observe that plane
g~ Reflected plane | OBCD is the zp-plane, hence the equation of
(Plane OBCD) 1
plane OBCD iz x=0 (or r:[ 0 |=0). Hence
0
By ratio theorem, we can focus only on the x-coordinate of the
ON = OF+0OE' reflected point and equate it to 0.
2
um -1 (4+%) The foot of perpendicular found in (jii) is the
Ammw + & 2 midpoint of E and E’. Use midpoint theorem to
_ 8 find ON .
- Aum#p +& -4 We can focus on the x-coordinate.

TMIC/2024 JC2 Preliminary Examination Suggested

SolutionsH2 Math (3758/01)/Math Dept Page 13 of 21

Alternatively,
4 g 4
(2542 +1) 4 (25%* +1)
OE'=20N-OE =2 3 | 3|~ 3
20k 20 40k
» (25%° +1) 20- (254* +1)
x-coordinate of E* = l.l.ﬁwmmw +5 -4

to be a point on the plane OBCD.

Therefore, x-coordinate of £’ =0

m ~—
(s

8
{258 +1)
8=100k" +4
1004 = 4

=4

k=1l

5
. 1
m:.ochaAr»nw

For the reflection of the plane CDE in the plane CDF to lie on the plane OBCD, E* has

TMMC/2024 JC2 Pretiminary Examination Suggested Solutions/H2 Math (9758/01)Math Dept
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¥ af(x)<0

L), e HH 1 LL HN

g ooy (x-2) } Y(x-2)
(x-2)——2—<0 (vx>2) 4

{(x-2) =J(x-2) - .
TT.NVN..AMO bﬁkluv
?INV uaiui}mi: ?_.:noHVMv

x-2
k?laumc
(x-2)

x<0) or 2<x<4

Since x> 2, wehave 2<x<4.

Since D, =D, the final range of x must satisfy the domain of f (i.e. x>2)

TMIC/2024 JC2 Preliminary Examination Suggested Solutions/H2 Math (3758/01)/Math Dept Page [7o0f 21

10 | Differential Equations
@ ¥ s ko
dr
(ii) 1 -
—dV = .— 1dt Use the variables separable method to ensure
H%L% LHS is in terms of V, and the RHS is in terms of ¢
—~In|S0-¥]=t+c .
k Remember the modulus sign, and the golden rule
In|S0—&V|=—kt —kc when integrating
50KV =Ac™™ ,where d=te®
EV =50 4e7*
y=0 A 0 pow p.A
k& k k
(iii) 50 » :
When =0, V=100 = Souqnniw lllA: Initially, the volume of water in
) 50 x the tank is 100 n—.-._u
=1, V=130 =—_Be* ~-_
When ¢t =1, 130 =130 T Be va 3 When =0, 7 =100
2)- Aw W 30=—Be*+B After a minute, the volume
=7 increased to 130 cm?
...5@MM@| uoz_ = When r=1, V=130
k 1-e
Xmin=0
Kmax=lg
Ywax=1850
¥sel=i
Xres=%
aX=0, 037676707878708
TraceStep=0, 875757575757
30
B uﬁaﬂmﬂ.un 188.58 This is 2 SHOW question, please show all working
Ve 50 188, 586-0177250 clearly. Intermediate answers should be given in at
0.17326 least 5 s.f.
=288.58 188 587012
=289-18%""™ (3sf) (shown)
) | At95% capacity, ¥ =0.95(300) = 285
285 = 289 —189¢ 017
Using GC, 1=223 (3s£)
It will take about 22.3 minutes (or 22 minutes and 18 seconds) to reach 95% of the
capacity.
Alternatively,
285 =288.53—188,58¢ 1M
Using GC, t=229 (3s1)
It will take about 22.9 minutes (or 22 minutes and 54 seconds) to reach 95% of the
capacity.
TMIC/2024 JC2 Preliminary Examination Suggestcd Solutions/H2 Math (9758/01)yMath Dept Page 18 of 21
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o 2 2
lmFu +u F_TL_ cbwu
M m_m

L]

Qn uu

=§m3-[(4-In3}-0]+

= {13V +9In3-4
16

N y=-18x+144+In3

2
_.h +E_ Tiw& (Area A — change to 7)
@
2

rmEuLEu ._; +NR

«+H 2) Expression: x =% + 2t

Area of trapezium
Area required A\.\.\.\.\\.\.\ 1 . .
= Area A+B (Trapezium) — Area 4 umX Sum of 2 parallel lines » height
1 1 nd
HMﬁm_um,_.mt.wa:uvL.—H&\ HWx ?lﬂ%+mu+wg xIn3
n
= m5u+

1) Limits: p=0=37=0 | y=In3=¢=2

=8In3+ &VN -E-ET&

1 2
= - Hl —4
mmcbuu +9n3-4 a 36 b=9, ¢c=

L::fl:a a1 Hae: Pl o Letay= m ! ua
a t+1 / dr £+1 t+1
In3 2 ¥ —
IwEm+A v h‘_|+~,|_5_u+__ Long division
36 |2 i
(i3
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1 Maclaurin’s Series

0 | y=In{1+3x+2x")
dy 3+4x

(1+3x+24° v% 3+ dx

dx
diff wrt x,

muu\
(14+3x+ 24 vem +(3+4x)
diff wrt x,

3
c+uu+uxnwn|w+?+aav

{1+3x+2¢° v Am+mxv

whenx=0, y=0, .n._NH N
dx
_ 5, 18 4
eluNIMa +ﬂx +o e
nuximHu+wuu+...
2

e the denominator before further
dr 1432424 b\\.\.\.\\\.\ differentiation.

Y_4
dx

1
Man +A

&Y 4
%u\

&Hu

Useful technique: Multiply both sides by

AVOID using quotient rule for further
differentiation as much as possible.

?rcﬁ& l Use implicit differentiation

¥4
& +{(3+42) mm =0
MH =0 A/_ Use implicit differentiation
3
_ dy_ 18,

» 3
& ] Find the values of f0),
£(0), £(0) and £ (0),

Substitute into the general form of the
Maclaurin Series that can be found in MF26

(i) euEG+m&+uxuv

2}? 2y ;i i
u,u.un+mgp|A.o§+wH v +Aua+mx w e for In(1+x) up to and including

Use the standard series in MF26

2
=35+ 26— L(9x 41247
2

S 2.0 ,
uuH.IMH +3x7 +... (verdl

Alternative:

=to{l+x)+In{l+2x)
Using the standard series in

e ek SCH IF 2
TR

5

2

2 % ﬁuuvn

3

+4x°)+

fied)

MF26,

+

2

=3x~=x* +32° +... (verified)

the term in x* and show clearly
that it is the same as the

1
wﬁmq.«u +V Maciaurin Series found in (i).

y=In{1+3x+2¢)=In[(1+x){1+2x)]

(22)
3

TMIC/2024 JC2 Preliminary Examination Suggested Solutions/H2 Math (3758/02)¥Math Dept
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@ n(1e3re2) =330 23500 1
3 Substitute x ==~ into both
Sub x =21, :
> " sides of the Maclurin
: N 51y 1y Series to get the
nlies ?w h u 3 L3 1) af ), approximate vale for In 3
2 2] 22 2
..._._._u»uM
4
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‘uonyenba oy fef+7 AMSqUS
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2*—8z" +23z-28=(2" ~4z+7)(z~b)

Comparing constant
—b-4=-8 = b=4

Thus, the roots are 2++/3i, 2— /3 and 4. A Answer the question

(a)(i3) | Replace z with iz

izm24431  or  iz=2-3 or iz=4
NH)\MIE or NHQWIE. ofr z=—4i

“Hence” so use previous
part’s answer and do a
replacement

(B} | w=cos@+isinf=¢"

. i) Tip: Since this invelves division of 2 complex
LS. A numbers, use exponential form
:\n +1 mAmmv +1
P Useful result;

(%)= o:&?g + n:lﬁ

- ei020) Ana +c8 = 050+ isin+cos@—isin@ = 2cosd
2cos8
= W sec(8) g2 This is of the form Re'"”) where R = Wmn.o% it
[ w*] 1 the modulus and -2# is the argument
T e
Emﬁswq.ﬂb =20
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4 Integration

=—ginxe®*

i Q CO5 X
(@)@ QT )

= Nﬁlnom xe™ +08:H_+ C

=2e"* (1-cosx)+ C (shown)

out the # and v at the side, then
apply KI - DI to fill in each part
accordingly

@ | Note: Im.A npaJ =-sinx e"** = .TF xe™%de =—*"¥ +C | For integration questions
dx ‘!JI! " . ?
if question asks you to
Double angle formula (MF26): differentiate something
) ross sin24 = 2sinAcos 4 first, it is to guide you to
.q sin2x & AAW\ see the infegration
= .—wauxooma ™ dx
_ =i c0S X
nm_.oomk?ik mque« “z cosx v={sinxe
lxk 1 - b 1] oo mx rde=—e
= m_”nom x Alaszwi:!mi x) Almasuv&m_ \.
=2 _Hl cos x ¢°°% — .— sin x nsﬁ&m_ I For integration by parts,
Highly recommended to work

sin2x e

(i) — =
0

can integrate

d Keyword: exact =Cannot just wse G.C.
Need to remove the modulus before you

i

From the graph of y = sin 2x £"95%,
observe that when y <0, m Lx<T

. n
sin 2x e™* .om.aAM

_mmh 2xe™*

y =sin2xe

. .
—sin2x e™* .Mm.ﬂma

.b\\\

T
= _‘% 8in 2x e~ mkl.ﬂauuk e™* dx
2

_ Use the show result from (ii)

= _”maqaa ﬁlaomaﬁ_m |Tn§u thcmxvu_“

=2¢"(1-0)-2¢' (1-1)-[ 267 AI;L%M_;E
=4—4g!
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T iy
Y=5a

For maximum y, maximum x =

L <P(4nBAC)s L
64 16

For minimum y, mmimum x =0, = p=—

7

64

a7 m 7
64" 7 6a 64 16
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6 DRY
i +2p+5p=1
@) | » Hm. ? _.m.oE sum of probabilities = 1 _
hum
2 Case 1: 1 Bull’s eye and ] outer ring
531 2 7 531
PX=6)=~|=2W = =— ZH=
w=9=(Js (3] -5 (i)
Pix—a)—(3 P2 No of cases = No of ways to petmute 1 Bull’s
(¥=2)= 3) e eye and 1 outer ring
27?@? 2=
LPAN 16 Case 2: 2 inner ring
w?\u vuﬁwﬁmquuh hmwwfl.l There is only one case
gA8) 16 8 .
1Y _ 1
P(X=10)=|=| =—
(r=10)-(3) -4
x 2 4 6 8 10
PXx=x)| 25 = Z L L
64 16 32 16 64
(i) | using GC, E(X)=4
(iii)

For the game 1o be fair, th|£ucUWmﬁa|hncU»au_

/ A\

_ Expected vm%oﬁ# _ Cost of 1 round 1_

Idea: Fair game refers to no loss or profit from playing the game.
Hence, expected payout (expectation) — cost of 1 round =0
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Let D be the diameter of a randomly chosen orange
{(in crn).

Let u denote the population mean diameter of an
orange (in cm).

Define the variables accurately.
Note that D is defined in the
question and does not have to
be redefined.

Hy:p=9 ‘Expected value of D is 3" means that ‘the mean of D is 9°. In
H:pu>9 particular, we are testing if the mean diameter exceeds 9.
) — 0.3% Write down the reason and
Under Hp, D~ Z@. 03 v , D ZT.IW@IW - the distribution of D clearly.
— It is stated that D is normally

Test Statistic: Z = 22 - N (1) distributed and the population

0.3 standard deviation is given to

=0 be 0.3.
Level of significance: 5%

0.0 w - value Write down the rejection

5

® 1.6449°

Do not reject H, value

Reject H,

area:.05
ity

ol
Tail: LEFT CENTER EHEDE
Pasts

Reject Ho if z-value > 1.6449

Let d denote the sample mean diameter of an orange
for this sample.
z-yvalue = h

(=)

Since there is sufficient evidence to reject Ho,
. z=value > 1.6449

d—9

> 1.6449
0.3
(Ym)

d >9.0698
~d>907 (3 5.f)

critenia for the right-tail test at
5% level of significance.

We have to use z-value
method as sample mean is
unknown. Represent it using
d.

‘Sufficient evident from the
sample to conclude that the
mean diameter exceeds Sem’
means that there is sufficient
evidence for Hiie Hais
rejected. Solve for the
uninown 4 . Round off the
answer fo satisfy the
inequality.
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(i) | Since 4 =89<9.07 is outside the rejection region | Note that the hypotheses and
found in (i), we do not reject Hp and conclude that | sample size for (i) and (i) are the
there is insufficient evidence, at 5% level of | same. The population variance is
significance, that the population mean diameter of the | also constant. Hence we can use
orange is more than 9 cm. the result in (ii).

From (if), for Hoto be rejected, the
Take note of what is necessary in the sample mean is greater than 9.07.
oozoEuEﬂ . Since the sample mean is less than
1. Reject/do not reject Ho 9.07 for this part, we do not reject
2. Level of significance Ho. Ensure that ¢l nine i
3. Sufficient/insufficient evidence for Hi 0- BnSure tat clear IEasoning is
given and conclusion is complete.
9 Binomial Distribution & Probahility
@) | Assumptions: For Binomial Distribution, need to explain the following assumptions
in the context of the question
1. Independent trials (NOT independent probability)
2. Constant probability of success
The other 2 conditions (fixed number of trials and two mutally
exclusive outcomes) are implied to be true from the question.
1. ‘Whether a randomly chosen ball tossed by the t goes into the container
is independent of any other balls tossed.
2. The probability that a randomly chosen ball tossed by the partici
container is constant at 0.35.
The participant may adjust the toss after he succeeds or fails, hence the condition of
independence may not hold. .| Reason given must explain clearly why an
assumption may not hold by relatingto a
round of the game played by a participant.
@ |y~ wﬁmvau& T \
pottant to use complement to change
Exﬂwuvu_lw:\mmv * to 1-P(X £2) so that GC Binomedf
=023517 conymand can be used
=0235
(iii} | Let ¥'be the number of participants, out of 10, who did not win a prize.
¥~ wﬁflobuﬂd =Y~ mﬁcvo.qmnw&
Important:
P(Y<6)=0.19] Use 5 5.f value define all
. , variables clearly
Altenative solution:
Let W be the number of participants, out of 10, who won a prize,
W~ wcouc.mum_d
A\.\\\l\\.\.\l\\\\\u\. At most 6 (out of 10) did not win a prize
is equivalent to
P(W 24)=1-P(W <3) At least 4 (out of 10) won a prize
=0.19]
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