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—8x . . . . .
1 (a) Express 2—+2——15+2 as a single algebraic fraction. Hence, without using a calculator,
X +2x-
. 33-8x
solve exactly the inequality ————— >-2. 4
At I PELT “l

) ) 3 3 _ 2x
(b) Using your answer to part (a), find the set of values of x for which 2 e

—_— 2.2
e +2e™ ~15 z 21
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n
(n+!

2 The sum of the first # terms of a sequence, u, is given by Zu, =1-

r=]

(a) Find u,, in terms of n, for n > 2, expressing your answer as a single algebraic fraction.  [2]

n
(b} Show that Zur <% forall n=5. 2]
r=5
(c) Explain why ) u, is a convergent series. [1]

r=1
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3 The functions f and g are defined by

ax—
fix—~
x_

for xeR, x=#3,

gixtre™ for xe R, x2In3.

The function f is such that f{x) = f "' (x) for all x in the domain of £,

(a) Find the value of a. 31
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(b) State the exact value of £*(x). [1i

(c) Find the exact range of fg. i3]
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4 (a) Given that a, b and ¢ are non-zero vectors such that (a+b)x(a +c) =bxc, and b = ¢, find
the relationship between a, b and c. [4]

{b) It is given instead that a, b and c satisfy the equation a+b+c =0 with la] =2, ]b| =3 and
|c| =4. Find the value of
a-b +b-¢c +c-a. (3]
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5 Itis giventhat (n) = 5:—_] where n is a positive integer.

(2) By considering f(r)—f(r +1), find an expression for Z 4;_1 . (3]

r=2

(b} Hence find an expression for Zi‘;# . [3]
r=1
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NE)

B
6 (a) Find the exact value of j * 2sin X dx . [3]

1 f1-x?
2

(b) Find the exact valuc of [*[cos2a|dx. 3]
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(¢) Find j T 21kx PETE dx , where & is a positive constant. [4]
—X
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7 (a) The curve Chas equation y =f(x) where

ax* +bx+c¢

f()= x+d

2

and a, b, ¢ and d are constants, and a#0.

Given that C has asymptote y =x+1, find the value of @ and show that b=d +1.

If f'is an increasing function forall xeR, x> —d, showthat c<d .

BP-~807
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(b) Itis further given that ¢=1 and d =2.
(i) Sketch C. (3]

(i) By sketching a suitable graph in the same diagram in part (b)(i), find the number of real

) 2
roots to the equation x +3x+l +4x* =16. [2]
x+2
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8 (a) The diagram shows the graph with equation y = f(2x). The graph passes through the points
A(—4,0), B(0,0) and C(3,6) , and has asymptotes x=-2 and y=1.

y=f(2x) fl C(3.6)
1:;.::_:,_—_::\— _;_ &.ﬁv =1
4(—4.0)\) |5(0.0) x

On separate clearly labelled diagrams, deduce the graphs of

® y=f(2x-2),

@) y=f(x).

(2]

[2]
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(b) The curve C, undergoes the transformations in the order given below:
1. A translation of 2 units in the negative x direction.
2. A stretch parallel to the x axis, factor 2, y axis invariant.
3. A translation of 1 unit in the positive y direction.

The resulting curve C, has equation

_Jc2 +9x+22

, xeR, x=—4.
x+4

Find, in the simplest form, the equation for . (4]
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9 Find the area of the region bounded by the graphs of y=2x*+3 and y=-2x+7. [3]

State the area of the region bounded by the 2 graphs if both graphs are translated 7 units in the
negative y-direction. [1]
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The region R is bounded by y= 2%* +3,y=—2x+7, the x-axis and thc y-axis. Find the exact
volume of the solid generated when R is rotated 2z about the y-axis. [5]
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10 Given that z=2-i is a root of the equation 4z* —122* +172% + pz+q =0, where p and g arc
real, find p and g . {4]

Using the values of p and g found, find the other roots of the equation
4z* —122* +172* + pz + ¢ =0 in exact form. [4]
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11 Dendrologists are specialised scientists who study trees and woody plants. Their work is diverse
and can encompass various activities related to the identification, classification, biology, and
ecology of trces. A group of dendrologists are studying the growth of 2 species of trees,
codenamed Tree Vee and Tree Jay.

In the 1% year, the height of Tree Vee and Tree Jay are both A cm.

In the 2™ year, Tree Vee's height increases by 5 cm and subsequently, the increase in height every
year is 10% less than the previous year's increase. Show that the height of Tree Vee in the 4® year

is givenby (H +2.71s)cm. {1]

Show that the height of Tree Vee in the n™ year is given by [H +10s (1 -0.9"" ):I cm. 3]

Hence, write down in terms of Z and 5, the theoretical maximum height (in cm) of Tree Vee. [1]
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11 [Continued]

In the 2" year, Tree Jay’s height increases by ¢ cm and subsequently, the increase in height every
year is (.5 cm less than the previous year’s increase. Show that the height of Tree Jay in the 10t

year is given by (H -18+9¢) cm. [2]

It 1s now given that £ =20.

After the 10™ year, Tree Jay’s height increases at a constant rate of 7 cm per year. Express Tree
Jay’s height (in cm) in the #™ year (where n > 11) in terms of A and ». 2]
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It is further given that s =30, and the 1* year is the year 2024. Find the years in which the
heights of Tree Vee and Tree Jay are within 7 cm of each other, after 2034. [3]



2024 VJIC Prelim Paper 1

12 Game developers closely monitor the number of people playing their game. Understanding player
numbers and behaviour can not only help in optimising in-game purchases, advertisement
placements, and other revenue-generating aspects, it can also help the company manage server
loads and ensure the game runs smoothly without performance issues.

Two game developers are interested in the number of players playing the mobile game “Mobile
Saga”. They attempt to model the number of players x, in hundred thousands, at time ¢ months
after the launch of the game using a differential equation. On the day of the launch, there
were 55 000 players.

(a) One game devcloper suggests that x and 7 are related by the differential equation
dr 3

=Zx—Jkt? where kisa positive constant.

a5
3
(i) By substituting x=wue5 , show that the differential equation can be written as

3
—=t

du:—k’tzﬂ 5 ) [2]

dr

3
Sk 2, S0k 250k [11 ZSOkJESI’ ”
20 27

(i) Hence show that x="—¢ +
3 9 27

BP-817
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12 [Continued]

(iii) Company A intends to place an advertisement in the game only if there are more
than 76 000 players playing the game. Given that £ =11—0, find the length of time for

which Company A will place an advertisement in “Mobile Saga”, giving your answer
correct to the nearest month. 2]
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12 |Continued]

{(b) The other game developer suggests that x and ¢ are related by the differential equation

2
%}sz—(&)y Given further that there were 180 000 players playing “Mobile Saga”
141

after 1 month, find x in terms of ¢. [4]
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Section A: Pure Mathematics (40 marks)

(Vs e 1), [1]

1
1 (a) Show that
\/1+x;1 —\/1—.7c2 2x

(b) Hence use appropriate expansions from the List of Formulae (MF26) to find the first two non-

2
X

zero terms in the series expansion of \/ - \/ =, X # 0 in ascending powers of x. [3]
1+x° —+l-x

BP-~821
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(¢) State the set of values of x for which the series expansion is valid. [1]

(d) Tt is given that the two terms found in part (b) are equal to the first two terms in the series

expansion of cos(a.xb) . Find the possible value(s) of the constants 2 and b. [2]
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2 Do not use a calculator in answering this question.
T z,
The complex numbers z,, z, and z, are suchthat z; =—e 3 , z,=—/3+i and z, ==L

2,

(a) Expresseachof z, z, and z, in the form re'’, where r>0 and -z <8< n. 13}

(b) Sketch an Argand diagram showing the points P, P, and B, where B, P, and P, represent

the complex numbers z,, z, and z, respectively. 2]
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(¢) Find the area of triangle ORF, . [2]

(d) Find the smallest positive integer » for which (zz' )" is purely imaginary. [2]
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3 Theline / has equation r=3i—4j-5k+A(i-2j- k) , where A is a real parameter. The point 4
has position vector i —-2j+k.

(a) The plane p contains the line / and the peint 4. Find a cartesian equation of the plane p.  [3]

(b) Find the position vector of the point 4', the reflection of the point 4 in the line L. (4]
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(¢) The plane g is such that g is paraliel to p and passes through the point with position vector
~3j+k . Find a cartesian equation of ¢ and the exact shortest distance betweenp and g.  [3]

y-3 z-7

2 3
area of the triangle OAS. [4]

(d) The line /; has the equation , x=2. Given that /, intersects p at point S, find the
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4  The curve Cis defined by the parametric equations

1 1
x=a|l+~| and y=a|t-—
a[ J g [ rz)

where a 1s a positive constant and r = 0.

(3) Show that %:-[2:'3). [3]

(b) Find, in terms of 4, the coordinates of the turning point on C, and explain why it is 2 maximum.

[4]
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(c) Sketch C. [3]
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Section B: Statistics (60 marks)

5 Two married couples, two single adults and two children formed a team of 8 to take part in a series
of games.

(8) In the first game, the team sits in a circle. Find the number of arrangements that can be formed
if each married couple must be seated together. 2]

(b) A group of three people are to be selected from the team for the second game. Find the number
of different groups that can be formed if there must not be a married couple in the group. [2]

(¢) In the third game, each team member selects a unique number from the set {1, 2, ..., 8} . Find

the number of different ways this can be done if the numbers selected by the children are both
greater than the numbers selected by the two single adults. [2]

BP-829
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6 A random variable X has the probability distribution given in the following table.
X 1 4 6 3
P(X=x) a b ¢ d
19

Given that E(X)=4, VH(X)=—Z and P(X <4)=P(X >4), find the values of a, b, ¢ and 4.
(5]
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7 Tor cvents 4, B and C, it is given that P(4)=07 , P(B)=05, P(C|4)=0.6 and
P(A}C"}=0.76.

(a) Find the greatest and least possible values of P(4n B) . [2]

(b) Find P(Cr4). [1]
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(¢) Find P(C'n4'). [2]

(d) Find P(C). [3]
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8 A small company makes wine glasses. Each day, n randomly chosen wine glasses are checked and
the number of wine glasses found to be cracked is denoted by X

(a) State, in context of the question, two assumptions needed for X to be well modelled by a
binomial distribution. [2]

Assume now that X has the distribution B(n, p), where n>3.

(b) Given that the mean of X and the variance of X are 1.8 and 1.773 respectively, find the value
of » and the value of p. [2]

BP-833
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(t) Given instead that the probability of finding 2 cracked wine glasses 1s thrice the probability of
finding 3 cracked wine glasses, find p in terms of n. [2]
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9 (a) S and T are independent random variables with the distributions N(l g, 32) and N(,u,az)

respectively. It is given that P(7 <4)=P(7 >9) and P(S <3T)=0.65. Calculate the values
of y and . [4]
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(b) A fruit stall sells grapes that are packed in packets with masses in grams that follow the
distribution N(850,302) . The grapes are sold at $18 per kilogram.

(i) Find the probability that a customer pays more than $30 for two packets of grapes. [2]

(ii) The fruit sta]l accepts payment by cash or PayNow. The number of customers who pay
by PayNow in a day is a random variable with mean 12 and variance 4.8. In a month
of 30 days, find the probability that the average number of customers per day who pay

by PayNow is more than 12.3. _ 3]
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10 The yield per hectare, ¥ kg, of a crop is believed to depend on the average rainfall, x mm, in the
month of June. For 10 regions, records are kept of the values of x and y, and these are shown in

the table below. The yield from the tenth region was accidentally deleted from the records after the
data was analysed, and this is indicated by the value p.

Averagerainfall | 149 | 110 | 188 | 135 [156 [140 [ 168 [118 [122 | 174
(x mm)
Yield of crop 13.8 165 | 152 122 144 [122 [147 [95 [99 | »
(v kg)

Given that the equation of the regression line of y on x is ¥ =-2.5652+0.10168x , show that
p=144. (2]

(a) Draw a scatter diagram for these values, labelling the axes clearly. Calculate the product
moment correlation coefficient between x and y. [2]

(b) It is thought that a model of the form y =2 +bInx may also be a suitable fit to the data.

Calculate least square estimates of g and 5, and find the value of the product moment
correlation coefficient between y and Inx. [3]

BP-837
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(¢) Use your answets to parts (a) and (b) to explain which of
y=-2.5652+0.10168x or y=a+blnx

is the better model. 2]

(d) Using an appropriate regression line, estimate the yield for a region that experienced 200 mm
of rainfall in June. Comment on the reliability of your estimate. [2]

(e) In some regions, rainfall is measured in inches instead of in mm. Given that there are 25.4 mm
in an inch, show how the regression line found in part {b) can be re-written so that it can be
used when x, the average rainfall in June, is given in inches. 1]

BP-838
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11 Inthe swimming training school AquaV, the time taken to swim a lap of the pool by the trainees is
found to have a mean of 35 seconds. The school adopted a new international training programme
Breakthru for 3 months and wanted to analyse if Breakthru is effective in improving the timings of

the trainees.

A sample of 30 trainees is taken and the times taken, x seconds, to swim a lap of the pool by the
trainces are summarised by

T{(x-30)=94, ¥ (x—30)* =758.

(a) Test, at the 5% significance level, whether there is any evidence that the mean time taken to
swim a lap of the pool has improved after the trainees underwent 3 months of Breakthr,

defiming any parameters you use. [7]

(b) State an assumption used in carrying out the test. 1]
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In another swimming training school AquaZ, the time taken to swim a lap of the pool by the trainees
is normally distributed with 2 mean of 38 seconds. AquaZ similarly adopted Breakthru for 3 months
and then also carried out a test at the 5% significance level to determine whether there is an
improvement in the swimming times. A sample of 30 trainees was taken and their timings were
measured. The sample standard deviation was found to be 4 seconds and the mean time was denoted
by x.

(¢) Find the set of values of ¥ for which the result of the test would be to reject the nuil hypothesis.
[4]

(d) If the times taken by the 30 trainees is summarised by Z(x—30) =234 | determine the
conclusion of the test. [2]
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3 The functions f and g are defined by

ax -6
x=-3

fix>

for xeR, x=+3,b29,

2024 VIC Prelim Paper 1 Solutions

grxtre

for xeR, xzIn3.

The function f is scif-inverse if f{x) = f ' (x) for all values of x in the domain of £ It is given that fis

self-inverse.
(a) Find the value of a. i3]
3a ax—6 Some wrote
Let  y="73 INCORRECTLY that
H.clu.v_ﬂncn\m munvu».._ﬁkvuﬁkvﬂk.
x= 3-8 It is important to know that
y-a fx) =1 "(x) = filx)=x.
£l(x)= Ix-6
i-a
Given that fx) = ~'(x),
ax—6_3x-6
x-3 x—a
Loa=3
(b} Find the exact value of £*(x). [11
3| =1
fiix) = x
ffl)=x
fom) ="' ()=
{¢) Find the exact range of fg. i3]

AN

3c Ix—-6 x-2 The first method is to find R,
Given f(x)= =3 i .
x—13 x-3 and use it as the new domain
¥ 3 of £

__uu

D, =[In3.0) —E> R, uh

0]
3

To do this, it is advisable to
sketch the graphs of g and of £.

Alternative

366
fe(*)=~——

123

Ya

The alternative is to draw
directly the graph of

3e " -6

=fe{x)=

y=tg(x) ="
note that D, =D, =[In3,0}.
Some who did this method,
left out the horizontal
asymptote of the graph or

incorrectly stated that it to be
y=3.

, and

BOTH methods should be
leant and internalised.

4 (a) Giventhat a, b and € are nop-zere vectors such that ?i&x?...&uvxn.wn& b=e¢, find

the relationship between 8, b and €.

[4]

4a) (g+d)x(a+e)=bx

I+

Since g #( and

wre
b
{21

, @ is parallel to c—b.

The notation of ) ig still NOT seen in most
answers. Note that § and § are NOT to be
used interchangeably.

Some answers still show misunderstanding
that px¢ and gxb are equal but they are
NOT.

Nots that gx{¢ —b)=0 daes not directly
imply that @ is parailel to ¢—b. One hasto
check and state/explain that neither g nor
c-bis 0.

(b) It is given instead that a, b end e satisfy the equation a+h+c=0 with _Lum_ ?_ =3 and

|e| = 4. Find the value of

ab +b-c+ca. {31

b | (g+h+c)(

=
=
3
l‘a‘
¥
o
(Cr)
Y
[nd
s
(1- ]
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1

Fiod [ —— b
© Fin % T TSTE

dx , where k 15 2 positive constant.

4

6

<

H
| ==&
—x +Eﬂ+¥

=] - (x [mEiﬁ

Gsn ~(x-k)
w2k R
Nﬁ» ) |2k (x-k)|
_=_ k+x|
T4k kx|

+C

Alternative

1
_‘?.I&Gwlxv&n

I 1
B | [V N -
ak(k+x) A(3k—x)

u|_=_~n+a_lll_.=_ww h_+ﬁ

| k+x|
_uw H_

nl_s +C

2024 vIC Prelim Paper 1 Solutions
7 (a) The curve  has equation y = f{x) where

a’ +hx+e

flx)= x+d

and g, b, c and 4 are constants, and a= (.

Given that C has asymptote y =x+1, find the value of # and show that b=d +1. [21
7a a +hx+c R -
wumintﬁﬂ.mllnh+_+k+_m Many candidates were able to
exXpress w?ﬁncﬁon—mcnacm
. 2 -
Prom the mumerator: @ +b+c=(x+1){zx+d)+R xils +n_ and compared
. . x
Comgparing the cocfficients, we get: coefficients after expansion.
=1, b=d+1
A handful did not regard the
Alternative remainder and made common
o thite c—bd +ad® mistakes like saying
mﬁavl|ﬂllﬁ+ﬁbln&v+%u«+a. ad +bx+o={x+1)+(x-d}.
ax+({b—ad)=x+1
@=) =a=1andb=d+]
=1 and b=
b-ad=1
If f is an increasing function for all xe®, x> -4, show that c < d. 13]

7a | Comparing coefficients from previous part, we get:
a=1, b=d+land c=d+R=>R=c—-d

-d
x+d

If f is incrensing for x > —d , it tnust be the case that ——

all xeR, x=—d.

dy c—d
A e 4 |
& (x+d)

Since (x+d)’ >0 forall xeR, x=~d, (x+d)’
ie. XX 42dx+d' —c+d>0 forall xeR, x#—d
This meeans that discriminant < ¢

= (24 - 4(1)(d* ~c+d)<0

de—4d <0

= ¢<d (shown}

{OR alternative: ¢~ bd +ad” =c—{d +1}d +d* =¢~d]

dy

>0 fi
dx or x+d

—{e~d)=0.

Differentiating the

-d

expression x+1 +Z
x+d

is
much eagier than

2
differentiating X +bxvo

We need to explain why
{x+dY -(c-d)=0 for
all xe R, x=—d will lead

toc<d.
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2024 VIC frelim Paper 1 Solutions
(b) The curve C, undergoes the transformations n the order given below:

). A tramslation of 2 units in the negative x direction.
2. A stretch parallel to the x axis, factor 2, y axis invaniant.

3. A translation of 1 unit in the positive y direction.

The resulting curve C, has equation

¥ +9x+22
x+4

u\"

Find, in the simplest form, the equation for C,.

, xR, xz—4.

[4]

8b | Let C, have equation y=1(x).
1. y=f(x) > p=fx+2);

2. u._nw?+~vlvv.umﬁwun+wu H

m. &umHWH+Nui%H~.ﬁWa+Mu+H .

2
Now y=f Wu+w .lu%
2 x+4

_ m+$+um xniwaim
m|H+MU ~H
2 x+4 x+4

2
mﬁ.?t&u?t& +uuu+f 2
2 x+4 x+4

Let §HWAR+3HV.«+hnw§

|m.umE+W

2w w

...EU»AHVNMH.TW“ x#0.
x

sf(w)=2w+

Alternative: May be easier o use the “reverse methed™:

3.

K042 x* +8x+18

x+4 x+4

2. Replace x with 2x:
(2x) +8(2%)+18 25 +8x+9

Amkut“ x+2
1. Replace x with x—2:
2
2(x-2) +m?!mv+mn,.umx+w, e

?tuf.w] ' x

Need to reverse the order and do |
the correct replacement.

i
Note that y= 42 is not in
2x

simplified form

The alternative method is more
challenging.

2024 VIC Prelim Paper 1 Solutions

9  Find the arca of the region bounded by the graphs of y =2x*+3 and y=-2x+7. 3]

Solving y =252 +3 and y=-2x+7
—dx+T=2x"+3
2x*4+2x-4=0
£ rx-2=0
x=-2 or x=1

Area

For questions that do not
prohibit the use of GC nor
require exact solutions, one
can use GC to evaluate
numerical answers.

There is NO need to split the
integral to
o

:|NH+4 ~(2a .Ié&

+Tl~n +7- Amxw + ub&

as the line is above the curve
for ~2<x <1

State the area of the region bounded by the 2 graphs if both graphs are translated 7 units in the

negative y-direction.

(1]

{9 TArea=9
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2024 v)C Prelim Paper 1 Solutions
11 Dendrologists are specialised scientists who smdy trees and woody plants. Their work is diverse and
can encompass various activities related 1o the identification, classification, biology, and ecology of
trees. A group of dendrologists are studying the growth of 2 species of trees, codenamed Tree Vee and

Tree Jay.
In the 17 year, the height of Tree Vee and Tree Jay are both A cm.

In the 2™ year, Tree Fee's height increases by s om and subsequently, the increase in height every
year is 10% less than the previous year’s increase. Show that the height of Tree Ve in the 4% year is

given by (H +2.715)em. [1]
11
: (]
1 N
2z &
3 09¢
4 0.9 5
Height of Tree Fee in the 4® year in om
= H+5+095+09s
=H+2s
Show that the height of Tree Fee in the n year is given by _H_:q +10s T -0.9™ V”_ cm. 131
11 | Height of Tree Vee in the #* year in cm It is a **show” question.
=H+s+095+095+..+09 s
_t Need to write down the ferms
—H+ ....T -039 v of the series before using sum
B 1-09 of GP formula to get the final
= H +10s(1-05"") result
Hence, write down in terms of /f and s, the theoretical maximum height (in cm) of Tree Vee. m
11 | Theoretical maximum height (cm) of Tree Vee

=H+10s

2024 VIC Prelim Paper 1 Solutions
Tn the 2 year, Tree Jay's height increases by ¢ cm and subsequently, the increase in height every year
is 0.5 om less than the previous year’s increase. Show that the height of Tree Jay in the 10 year is

givenby (H -18+9¢) om.

11

£2]

t

t—-0.5

4 U | b |-

1—2(0.5)

E._.“__m_: of Tree Jay (cm) in the 10® year
=H +1+{t-0.5)+(1-2(0.5))+..+(: -B(0.5))

=H +WTIG|:T5;
HE.TWAEL&
=H -18+9

Again, it is a “show” question.

Best to write down the terms of
the series before using sum of
AP formula to get the final
result

It is pow given that =20,

Afier the 10% year, Tree Jay’s height increases at 2 constant rate of 7 cm per year. Express Tree Jay’s

height (in om) in the #™ year {(wheren 211) in terms of I and #.

[2]

1

Height of Tree Jay (cm) in the 10® year

= H~18+9(20)

=H +162
10 H+162
11 H+169
12 Hi176

Height of Tres Jay (cm) in the #® year
=H +162+ (n-10)(7)

=H+7n+92
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(ii) moaaumroiﬁwﬁalﬁu +§_‘_+E*
3 9 27

5

11
20

_ 250k
27

gnm .

(4]

12
&2 - I\n__u 0I¢n

a | qy
| fnteprating wrt. £
u=-k{Fe¥ar

=k |mma¢_|;.ﬁ;h:mn&u&
3 3

fw_ n-ﬁuﬁ?-w &
3 3

Sk 2y wcb.ﬂ -, 250k e
3 27

xe ¥ = mum e ¥y Mﬁnnl\r 250k
3 9 27
x= muw mown +||.1~mo.~ +Ce¥
3 9 27
Whent =10, x=0.55
250k 11 250k

O.m.m"|+ﬁ. UQ"N‘OIIM

Hence
mwu 50k Nmo.m.vﬁ: muokunw.

x= +—L+
3 9 27 20 27

(ili) Company A intends to place an advertisement in Eo game only if there are more

than 76 000 players playing the game. Given that k=

H

, find the length of time for which

0’

Company A will place en advertisement in “Mobile Saga”, giving your answer correct to

the nearest month,

(21

12 1(5, 50 u%u ﬁ BJ*
x=—| =T+t = [+
3 9 27 540

-]
—_
(=]

-
=

{4.737.0.78)

1 (0.552,0.76)

-m-mm+w1.~mJo+m8|3m
3 9 27 540

From the GC,

longest duration = 4.787 —0.552 =4.235 =4 months

Nate that ¢ is not discrete,
hence cannot use a table to
solve the inequality.

The question asked for the
length of time, ie.
duration, when there are
more than 76 000 players
playing the pame, It is ot
suffictent to solve for |
value of ¢

024 VIC Prelim Paper 1 Solutions

(b} The other game developer suggests that x and f are related by the differcntial equation

Fr_ 10
at (14e)f
after | month, find x in terms of #.

. Given further that therc were

180 000 players playing *Mobile Saga”

{4

12| g% 10
b | 527"

a1+

Tntegrating w.r.t :

Y (R SR S
dr (1+£) (1+1}

Integrating wrt f:
1

:tv ﬁiv
When.t = 0, x=0.55

x=35 +Cr+D

055=-5+D =D= m
20
Whent=1,x=18
3 111 5
18=- +C+— =C=—=
c+c 20 4
5 5 111
SR T e
1+t 4 20

After obtainin, MI 3

& (1+ c
one has to integrate wrt t once
agsin to obtam

3 +Ct+ D, and NOT

ST

+Cx-+ 0.

_ 5
)
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2 Do not use a calenlator in answering this question.

2024 VIC Prelim Paper 2 Solutions
(¢) Fmd the area of triangle ORPF, .

[2

e
= .
The complex numbers z;, z, and z; aresuch that z =—¢ 3, zy =-V3 +i and =z nw|_.
2
{a) Expresseachof z,, z, and z; in the form ret?, whete 7> 0 and —m<@sm. i3]
2a v Polar form for complex numbers was pootly
n=-e’ pertormed in general.
25
=g ?
S Do note that —1=¢" (i.e. modulus = 1,
=g 3 argument = n . When in doubt, please plot
= the complex number as a point on an argand
- A- wu diagram — this will help you to better
= determine the correct modulus and argument.
Zy = Iz._‘.u.J +1

i

T
_Ls
2

2¢ | Arca of triangle ORP,

uwcxmznmmJ,T@

For thoge who have done ()
and (b) correctly, this was
well done and students were
able to apply the correct

For Tp. va to be purely imaginary,
3t 3n5n Sm

B, S L L L
X

2 2y g

Smallest positive integer n=3

1 .
sm formula —ah(sine).
= §in— 2
6
=05
(d) Find the smallest positive integer # for which Anu. va is purely imaginary. 23
2d 1Y Most students were able to
A .va _la ,hnﬂu translate “purcly imaginary”
z; = (-]

to the argument being an
odd multiple of W .

So, cither write il in a

general form eg. ﬁpwium

or Au.mldm. or since the

question is asking for the
smallest 7, you can also kst
out the first few (negative)

odd multiples  of Z ad

2
check which value of »
works.

(b} Sketch an Argand diagram showing the points £,
complex numbers z;, z, and z; respsctively.

P, and P, where A, P, and P, Tepresent the
2

b A Im

This follows from {a}.

Do note that you are
required to indicate the
modulus in addition to the
argument ie. distance from
the origin. Also, ensure that
the relative positioning of
the 3 points is cotrect.
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2024 VIC Prelim Paper 2 Solutions

(dy The line  has the equation % = Nw..q , x=2. Given that }, intersects p at point 5, find the
area of the triangle OAS. 4
3d 2 0 5 Do note that it is wrong to write:
Substitute r=| 3 |+ 4|2 | into r{ 2 |=2 2 0
7 3 1 .—m =3 [+m| 2| (WhyD
ANEONIE LN
3l+p2I2=2 Many students were also unable to
7 3 convert the cartesian equation of k2 fo
{(10+6+ Ty+{443)u=2 vector @:&5: correctly, resulting in the
-4 wrong (5 that was found. Please leam
s 0 “= 5 well from now 4
08 =|31+(-3){ 2]={ 3
7 3 -2
Area of triangle OA4S
2 1
MW -3 [x| -2
-2 1
-7
N Y
2 ! 2

4 The curve C is defined by the parametric: equations

kunh“;& and rnnhwlmmu

where a is a positive constant and 120,

dy 246
that —=—| ——1.
(a)} Show thal o ﬁ ; w

(3]

SE=F
dr -\

Mostly well done &

2024 vIC Prelim Paper 2 Solutions

(b) Find, in terms of 2, the coordinates of the turning point on C, and explain why it is a maximum.

aunﬁTM_& = 020629950
1
y=a| {1-— |=-183988a
23
Coardinates of turning point are (0.206a, —1.89a) .

Ta determine that it is a max furming point, use first derivative sign test.

t t=-125 t=—32=_125092 | 1=-127
x x=02a -1 1 x=0213q
(left) i 71 (right)
=(.206a
dy 0.0375 4] —{.0381
dx
Sign of We Positive Zero Negative

Therefore, turning poirt is a maximum.

(4]
4b 4 248 Since there i3 no
. . ly _ +7
At statjonary point, o 0= . - 0 requirernent to give the
cocrdinates in  exact
P=2=1=-3

form, please give the
ansSwer a3

(0.2064, ~1.894) as it

will help you to
position the t{uming
point when sketching
the graph in (c). (Note
@ is positive.)

Also, do note that
finding the second
derivative for
parametric equations is
out of the syllabus - ie.
it is not simply to
differentiate .
erenfiate — omce
dx
more with respect to x
(i.e. chain mle is
required). Hence, for
explaining why the
turning point is a
maximum, you will
bave to perform the
first derivative test,
showing a table of
yalues of x and ¢ that
were nsed and the
corresponding values of

&'& that were found.
dx
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2024 VIC Prelim Paper 2 Solutions

6 A random varisble X has the probability distribution given in the following table.

% 1 4

6 8

P{X =x) a b

¢ d

1

Giventhat E(X}=4, <ECDMIW d P(X <4)=P(X >4}, find the values of &, b, c and 4.

(5]

2024 VIC Prelim Paper 2 Solutions

Miknan_

a+b+ctd=1-—-(1)
P(X <4)=P{X>4)

Mostly well done &

Do note that X is a digcrete
random variable here, ie, it
only takes on possible values
of 1, 4, 6 and 8. Some

a=c+d students mistook or assumed
a-c-d=0 ---(2) X to be normal which is not
E(X)=4 frue.
a+4b+60+8d =4 ---{(3) Also, always remember that
9 if you have 4 variables to
Var{X)= T solve completely (te. a, b, ¢
19 and 4), you will need (at
a+16h+36c+64d -4 == least) 4 equations. So don’t
4 forget the equation that
83 comes from the sum of the
a+16b+36c+64d =2 -4 probabilities is 1.
Solving,
nuu_.. wuw‘ nww and mn.m
4 2 8 8

(b) Find P{CrA). m
Solutions Comments
P(Cr 4)=P(ClA)xP(4) Mostly well done

=(0.6)(1-0.7)=0.18 Apply conditional probability
P(CI4)- P{Cn 4
P{4}

(¢) Find P{C N A). 2}
Solutions Comments
P(C'n AV =1-P{4uC) A

=1-[P(A)+P{CATY]
=1-{0.7+0.18)
=012

No need to include set B in the Venn diagram

7 Forevents A, Band C, itis given that P(4)=0.7, P(B)=05, B(C|4)=06 and P{4{C")=076.

(a) Find the greatest and least possible values of H.T. Ia) 3 . [2}

Solutions Comments

Since set C is not involved in this pant,
x—02 Venn diagram drawn includes only sets 4
and B.
A
B
Let P{4B)=x.

0<x-02<] =02<x=51
0<07-xs] =0<x=<07
0<05-x<1 =0<x=<05

Hence, greatest and least values of P(4 N B } are 0.5 and

0.2 respectively.

(9) Find P(C). o)
Solutions Fa S
P(4|C")=0.76
P{4'|C)=1-0.76=024 Am
PUANCY sy c A
P(C)
s 024 024 0. 4
Eﬁvlv?_zﬁ.d_v1ﬂmxc.u GA .
1-0. 4
P(C)=1-05=05
Alternative roative
P(4|C)=0.76
PUNC). 0.12
PO =0.76 ]
P{ANC'}=0.76[1-P{CY]
P(ANC)+076R(C)=076 --—(1)
P(AUC)=0388
P{ANC')+P(C)=0.88 -——(2)

Solving (1) & (2): P{C}=0.5
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2024 VIC Prelim faper 2 Solutions

{b) A fruit stall sells grapes that ate packed in packets with masses in grams that follow the
distribution N(850,307). The grapes are sold at $18 per kilogram.

(i) Find the probability that a customer pays more than $30 for two packets of grapes. [2]

Solutions

Comments

Let X g be the mass of a packet of grapes.
X - N{8s0,30%)
= Xy + X5 ~ N(1700,1800)
uccccu
18

ﬂm
Wﬁgﬁb +k&v ucwuwﬁ\w\_ +k.pv
=0.78397

~ (.784

Alternative
Let ¥ be the total cost of 2 packets of grapes
18
DY =—( X+ X
T
18

1000

Var(Y)= ﬁm@w [2var(x)]=05832

E(Y)=——[2E(X}]=306

1000

¥ ~N(30.6,0.5832)
P(¥ >30)=0.78397 =0.784

Selling price:
18

kg > §ores
$18 perkg wsoc perg

(i) The fruit stall accepts payment by cash or PayNow. The number of customers who pay by
PayNow in a day is a random variable with mean 12 and variance 4.8, In a menth
of 30 days, find the probability that the average number of customers per day who pay by

PayNow is more than 12.3.

[3]

Solutions

C ts

Let ¥ be the number of customers who pay by PayNow in a
day.
E(Y)=12,  Var(¥}=48

Then =21t 22% T +m“oa+§

customers per day who pay by PayNow.

is the average number of

= 4.8
By Central Limit Theorem, ¥ ~ N @m..m@u approx .

imv 12.3) = 022663
=0227

¥~ N(12,4.8) OR ¥~ B{n,p)

It is necessary to state “by Central Limit
= 4.
Theorsm, ¥ ~ ZTN_%& approx ™

2024 VJC Pralim Paper 2 Solutions

10 The yield per hectare, y kg, of a crop is believed to depend cn the average rainfall, x mm, in the
month of June. For 10 regions, records are kept of the values of x and y, and these are shown in the
table below. The yield from the tenth region was accidentally deleted from the records afier the data

was analysed, and this is indicated by the value p.

Average rainfall 149 | 110 | 188 ;135 156 140 [ 168 | 118 | 122 174
(* mm)
Yield of crop 13865 [152 122 (144 [122 (147 |95 9.9 P
(y kg)

Given that the equation of the regression line of y oo x is y=-2.5652+0.10168x , show that

p=l44.

23

Comments

Euﬂmﬁ.u
> x=1460, 3 y=1084+p, n=10
Since Am.wu lies on the regression line of ¥ on x,

¥ =—25652+0.10168x

1084+ _ 5 s652+010168200
10 10
=12.25008
p=14.4008

=144 (shown)}

{174, p) does not kie on the regression
line, hence you will get an approximated
value for p when you substitute x =174
into the regression line.

“Show” ¥ you need to give at ieast the §
a.fvalue of p=14.401before concluding

that p=14.4.

(s) Draw a scatter diagram for these values, labelling the axes clearly. Calculate the product moment

correlation coefficient between x and y. [2]
Solutions Comments
¥ 0 Label minimum and
+ maximum x and y values.
. U Check that the 4% and 5%
15.2 . L points are level as they have
| * the same y-value.
i .. O Malke sure you have 10 pomts
sketched in your scatter
Tl diagram.
65| o
#ﬁ : f—t X
M 110 188
From GC,
product moment correlation coefficient, r=0.92147 =0.921
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2024 VIC Prelim Paper 2 Solutions

(b) State an assumption used in carrying out the test. [1]
Solutions Comments
Assumption; The sample of 30 trainees taken is a random sample. Need a rangdom sample to
ORrR carry out a hypothests test.

Assumption: The sample of 30 trainees talen is such that every trainee
has an equal probability of being selected for the sample and each
trainee is selected independently.

In another swimming training schaol AqueZ, the time taken to swim a lap of the peol by the {rainees
is normally distributed with a mean of 38 seconds. AquaZ similarly adopted Breakthru for 3 months
and then also carried out a test at the 5% significance lavel to determine whether there is an
improvement in the swimming times, A sample of 30 trinees was taken and their timings were
measured. The sample standard deviation was found to be 4 seconds and the mean time was denoted

by x

sample variance = 4

(¢) Find the set of values of % for which the result of the (st would be to teject the null hypothesis.

N|Ww.m ~ N(0, 1} approximately

Jn

When Hj is true, Z =

Computation:
2_ B P U 30 27
5 IMHI_?E.:En <§§Swl.m|o_”a H_l 16.552

Rejection region: z<-1.64485
Since H) is rejected
= z — calculated < —1.64485

%-38

< 1.6M485
16552

N
B 16552

<38+ ~1.64485
X Tl )
F<36778

Set of values of ¥: {Felk: ¥ <36.8}

(4]
Solutions _ Comments
Hy: p=38 Note the difference between
H,: p<38 - population variance AQJ
Leve! of significance: § % . unbipsed estimate of
Test Statistic:

population variance ?J

sample variance

2024 VIC Prelim Paper 2 Solutions

(d) If the times talcen by the 30 trainees is summarised by M“en —30) = 234, determine the conclusion

of the test. {2}
Solutions Comments
x= 234 +30=37.8
30

Since 37.8 > 36.778, from result in (c), H,1s not rejected at 5%

significance level. There is insufficient evidence that the trainees’
mean time taken to swir a lap has improved.




