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The diagram shows the curve with equation y =f (x) , X <06k, k> El’; . The curve crosses the x-

axis and y-axis at the points (3%,0) and (0,- k) respectively. Sketch y=f (|x| + 1). [3]

Indicate on a single Argand diagram, the set of points whose complex numbers satisfy the
following inequalities

Z—'%'i £4 and [2i- 4- 2* |z+4- 10
Hence, find the least value and greatest value of arg(z- 6+ 4i). {7]

(@)

(b)

Without using a calculator, solve the inequality

4-Tx
x-3

> x. [4]

In 2016, Edwin, his father and his grandfather have an average age of 53. In the same
year, the sum of one-half of his grandfather’s age, one-third of his father’s age and one-
fourth of Edwin’s age is 65. Twenty-two. years ago, his grandfather’s age was twice the
sum of his father’s age and his age. What are their respective ages in 2016? [You can
assume that Edwin’s age in 2016 is more than 22.] 3]

The function fis defined by f: x> (x~2)> +k, xel,x<2. It is given that £ exists.

®

(i)

When k£ =1,

(@) define £ in a similar form, [31

(b) sketch, on a single diagram, the graphs of y =f(x), y=f"(x) and y=1ff~'(x).
(3]

State the set of values of £, such that the equation f(x)=f""(x) has no real solutions. [1]



5

A sequenceu,, u,, U,,... is such that #, =0 and

2
U, =un+2—n, forall n>1.
(n+2)!

() Show that u, = -é— , and find the values of #; and »,. [2]

(ii) Hence, give a conjecture for #, in the form [;l(_)l]' , where f(#n) is a function of n to be
n)|!

determined. [1]

(iii) Use the method of mathematical induction to prove your conjecture in part (ii) for all

positive integers n. . [4]

A curve C has equation y* =4x and a line / has equation 2x—y+1=0. The diagram above

shows the graphs of C and /.

B(b,Z\/l;) is a fixed point on C and A is an arbitrary point on /. State the geometrical

_ relationship between the line segment 4B and [ if the distance from B to 4 is the least. [1]

Taking the coordinates of 4 as (a,2a+1), find an equation relating a and b for which 4B is the
least. [2]

2 . .
Deduce that when 4B is the least, (4B )2 = m(2b —2Jb + 1) where m is a constant to be found.

Hence or otherwise, find the coordinates of the point on C that is nearest to /, as b varies.  [5]



(a) Differentiate xe*

with respect to x. Hence, find J x? (I +3x° )e‘3dx . [4]
(b) The variables x and y are related by the differential equation

fi:v__ sec’ x
dx 2sec’x+4tanx+7

Using the substitutionu = tan x, find the general solution of the differential equation. [5]

(i) Use the method of differences to find, in terms of »,

ilnl:r(r+2):l. (4]

r=2 (7'+1)2

(ii) Give a reason why the series is convergent and state the sum to infinity. [2]

3| (2r)(2r+4 '
(iii) Given ZM[M} =In (Ej , Where p and ¢ are integers and P isinthe simplest
q q

r=2 (r + 1)2
form, find the values of p and q. : [3]
(i) Sketch the graph with equation x* +(y— r)2 =r?,wherer>0and y<r. [2]

A hemispherical bowl of fixed radius r cm is filled with water. Water drains out from a hole at
the bottom of the bowl at a constant rate.

Use your graph in part (i) to show that when the depth of water is 2 cm (where A £ r), the
volume of water in the bowl is given by

zh?
3

V=

(3r—h), [3]

(i) Given that a full bowl of water would become empty in 24 s, find the rate of decrease, in
terms of 7 and 4, of the depth of water in the bowl at the instant when the depth of water
is hcm. [31 -

(iii) Without any differentiation, determine, in terms of 7, the slowest rate at which the depth
of water is decreasing. [1]



10  The equations of planes p,and p, are

x-=5y+2z=13,
-2x+y+5z=1,
respectively.
A'(.i) Find the acute angle between p,and p,. [2]

- The planes p,and p, intersect in a line /.
(i) Find a vector equation of /. 2]

" The plane p,is perpendicular to both p,and p,. The three planes p,,p,and p;intersect at the

point (a,0,b) , where a and b are constants.

et

(i) Showthat a=7 andb=3. ‘ 2]
The plane [T is parallel to p,and the distance between [ and p; is 411 units.

(iv) Find the two possible cartesian equations of []. [4] -

11 (a) An arithmetic progression which consists of 2» terms has first term a and common
difference d. The third, fifth and twelfth terms of the arithmetic progression are also
three distinct consecutive terms of a geometric progression. Find the sum of the even-
numbered terms, i.e. the 21, 4%, (2n)™ terms, of the arithmetic progression in terms
of a and n. [5]

~{b) To renovate his new HDB flat, Douglas is considering taking up a bank loan of $40,000

from Citybank on 1% July 2016. The bank charges a monthly interest of 0.5% on the
outstanding amount owed at the end of each month.

Douglas will pay a fixed amount, $x, to the bank at the beginning of each month, starting
from September 2016.

- (i) Taking July 2016 as the 1% month, show that the amount of money owed at the
beginning of the 5" month is

1.005* (40000) - 200x(1.005* ~1). [3]

(ii) If Douglas wishes to pay up his loan within 5 years, find the minimum amount of
each monthly repayment. 2]

(iii) Using the value found in part (ii), calculate the interest (to the nearest dollar) that
Citybank has earned in total from Douglas’s loan at the end of his last repayment.

(2]



f(x . .
12 The curve C has equation y = L)- , where { (x) is a quadratic expression, a is a constant and
x+a

a#13. It is given that the coordinates of the points of intersection of C with the x-axis are
(3,0) and (-3,0), and the equation of the oblique asymptote is y = %x +1.
(i) Find f(x), and show that a=-2. [5]

(i) Sketch C, indicating clearly: the equations of the asymptotes, and the coordinates of the
points of intersection of C with the x- and y-axes. : [2]

A tangent to C is parallel to the line y=x+2. Find the possible equations of this tangent,
leaving your answer in an exact form. [5]

[End of Paper]



2016 JC2 Prelim Paper 1 Solutions/Comments

Qn | Solution
1 3
y= £+ 1),
J; > X
k- 10) |
x=6k-1

|2i- 4- z|* |z+ 4- 10
|z+ 4- 2i]* |z+ 4- 10|
lz- G4+ 2i13 |z— -4+ IOi]

N -~ Re
"""""""""""""" A(e,—4) T
By Pythagoras theorem, BC’+1>=8b BC= 63
0= tan 1___\/6
10
Min arg(z- 6+ 4i)= % tan” ‘i16—(-)3= 0.900
Max arg(z- 6+ 4i)= %+ tan” 1-\—/1—52= 2.24

| Alternative : Equation of circle is (x- 6)2 +(y- 5)2 =64- - (1)

Equation of perpendicular bisector isy=6 - - - (2)
Substituting (2) into (1) )

| (x- 6) +(6- 5y = 64> x= 6+ 63
Minarg(z- 6+ 4i)= arg(6+ V63 + 6i- 6+ 4i)

- : 10
= arg(v/63 + 10i)= tan '\/—_6§-= 0.900

Max arg(z- 6+ 4i)= arg(6- V63 + 6i- 6+ 4i)
1 10

J63

= arg(- V63 + 10i)= 7~ tan’ =224




Qn | Solution

3a | 4- Tx,
x
x- 3
4- Tx- x(x- 3), 0
x- 3
x2+ 4x- 4
x-3

(x+2)- 8

£0

£0
x-3 - + - +

1 I 1 >
(x+ 2+ 242 )(x+ 2- 2J5)£ 5

. i I
-2-242 -2+247 3
x-3

\ x£-2- 22 0r- 2+ 242£ x<3

b | Lete, fand g be the ages of Edwin, his father and his grandfather respectively.

et f+g=53"3=159 - - - - ()
11 1 -
tet—f+—g=65 ---- (2
¢ 3’f 58 2)
g- 22=2(f- 22+ e- 22)
2e+2f- g=66 ---- (3)

From GC, e= 24, f= 51,g= 84.
The ages of Edwin, his father and his grandfather are 24, 51 and 84 respectively.

4ia | When k= 1,f:xa (x- 2)2+l,xf i,x£2
Let y=(x- 2)*+1

G-2Y=y-1

x- 2=+ fy- 1

x= 24 ,Jy- 1

Since x£ 2, x=2- Jy- 1,

flixa 2- Vx- 1,x3 1

b y 4

(0.5)

\ 4
=

T s




Qn | Solution
5i - 12
u2=u1+2 l =0+.}.=_1-
a+2) 6 6
2-2° 1 2 _ 1
u3 = u2 + = e =
Q2+2) 6 24 12
2-3 1 7 _ 1
,~>:u4=u3+ et ——
, G+2)y 12 120 40
iy o1 2.1 1 2 31 _1_3_ /41
s e @+ 0 12 24 G+ 40 120 (4+ 1)
By observation, a conjecture is that u, = n- 1.
(n+ 1)
i n-1 -
"I 'Let P, be the statement u, = ——, forall nl ¢7.
: (n+1)
| Check Py:
|LHS=u=0
RHS= =1 -
a+1y
\ B istrue
Assume that P; is true for some positive integer &
P u =KoL
oWl k (k.+ 1)
k
We want to show that B,,, istrue. ie. »,,, =
k+1 k+1 (k+ 2)!
LHS= u,,,
2- k*
=y + ——
k+2)
_ k-1 2-#
k+1) (k+2)
(k- D+ 2)F 2- K
k+2)
_ Ktk 2+2- K
(k+2)
-k __ RHS
*k+2)
'l Since Py is true, and P, istrue P B, is true,
_ | by mathematical induction, P, is true for all ni ¢*.
6 | If the distance 4B is the least, the line segment AB is perpendicular to /.

B(b,2\/b) and A(a,2a+ 1)

Gradient of B4 = 2\/3—‘2";1_

-a




Qn

Solution

Since gradient of / is 2, Z\/—Zb:—g-‘-z—:——l—= 21
- a

b 4Jb- da- 2=a- b
1

b a=—(b+ 4Jb- 2
o )

(4BY = (245~ 2a- 1) + (- af
= (@25~ 2a- 1) + (4B~ 4a- 2)
= 5(2V6- 2a- 1)
= 5%36- %(b+ a5- 2) 1%2

VRN
= g(z\/'li- 2b- 1)

1 2
= g(2b- 2\b + 1)

2A3ﬂ§— 3(21; 2f +1Ez

&

Whny£=0 —(2b 206+ 1 X?z

QH hloz

Consider (2b- 2b+ 1)= 0

Since (- 2y - 42)D<0, (2b- 26+ 1)= 0 has no real solution.

2- L: 0op b=

1
N 4

the point on C nearest to / is (b,2\/5 )= g%’%'

Alternative :

| (4BY =1(2b 2JZ+1)




Solution

2
Since (\/-l; —%) >0 for all real b, (AB)2 is the least when /b —-% ,thatis, b= —i—

Hence the point on C nearest to / is (b,2\/3 ) = (%,1)

| A (2B), L= 2= L2

| Alternative :
‘When (AB)Z is the least, tangent to C at B is parallel to /.

i.e. gradient of tangent to C =2
¥ =4x

1
b

. . & 0
\ coordinates on C nearest to / is %Z’li'
o

7a

axe’r3 = e + x3x%e"
= & (1+ 3x°)
o x? (1 +3x° )e"sdx = xe* x? - 0 xe* 2xdx
= )ce"sx2 - %6 3x2e‘3dx

3 2 3
= x’e* - ge" +C

dy sec? x u= tanx
—— 2
dx 2sec”x+ 4tanx+ 7 auz sec? x
. 2
6 sec” x
=9 dx [2
Y 825ec2x+ 4tanx+ 7 " l :u +1
)
=62("’ 1)1 4 e 1
O 2(u"+ 1)+ 4u+ 7
. ) secx= \/u2+l
=9
T8 dur o ™ sec’x=u’+1. -
19 1 0
=8 ——du rz 2
Zg P+ ot 2 sec’ x= tan’ x+ 1
=u*+1
19 1
=—=Q du
20 > 7
o (u+1) +5




Solution

-

g—:t E—M+ C

1  &2(tanx+ 1)9
B T

8i

In%(r’+ Z)u
§(r+ 1)2 |

= é (Inr- 2In(r+ D+ In(@+ 2))
r=2

= mn2 - 2mn3  + A

2ln(r+1) + In(r+2)

in(m+1) .

1
772 ® 1= 0, n2+ "2
nt+1 3 n+1

Since the series tends to a constant, it converges.

Asn® ¥ , In

The sum to infinity is ln% .

2

® In—.

3

iii

2 g 2 )2r+ )L B E at ] %(H 2)}2
4 In = 4 gnd+Ing
=2 g (r+ 1)2 E r—zEl g(r+ ])

= 12In4+ In 2+ ]nlé
3 14

r

83886080
In——

]

9i




Qn | Solution

11}

h 2
V=7z(‘)oxdy

Alternative:
- 22 2 h
- 7‘00( -0 7) )dy =7f'[ ("2—0'2 —2ry+r2)) dy
. )3[;,]7 0
¢, O-r A
2 u
g 3 4 . ( )
x - 38 h
=7[r2h- ( r)j- LE :ﬂ'[’yz__l_ijl
333 37 by
= 3 5 =:
r2h- " Wrz
. hr? + i_ .’i%
3 38
x 30
= nih’r- E—E
3%
2
BTN
3
iii 2
CLA N
de 24 36 .
dv _ )
o x(2hr- 1*)
dn_ 1 @l
dr 7z(2hr- hz)é 365
3
© 36(2hr- #)
/3
Rate of decrease is ————— cmd st
36(2hr- )
iv:. .| The rate of decrease of the depth is the least when the bowl is full, i.e. 2 =r.
dh r3 r

—c_lt—_ 36r(2r—r)= 36

The slowest rate at which the depth of water is decreasing is

r -1
—cms .
36 .
10i- | Let 6 be the angle between p; and p».
: ] 0% 20
SPE1E
25855 3
cosf= ———=——=—Db 0= 84.3°
V30430 30
ii x- Sy+2z=13,
-2x+ y+5z=1,

FromGC,x=- 2+ 31, y=-3+ A,z= 1




Qn | Solution

& 20 &30
\ equation of / is 5 = E 3§+ AEIE,H i
"Eos Ep

iil | The point of intersection of p,, p, and p, is the point of intersection of / and p, .(a,0,b)is a point on

S~

Alternatively, subst x=a,y =0,z =b into equation of planes
a+2b=13- - 1)
-2at+5b=1- - - (2)
1)y 2 2a+4b=26- - (3)
@)+ ()  9%=27b b=3
a=17

iV | /is perpendicular to p, and intersect p, at 4(7,0,3). Let P be a point on / such that AP = 4-/11,
then P liesin O .

B6 B8O

1 = =
AP= + 411 ———§15= + 4513 ;

JI_IE; E;

15 15
g #sg @99
%—‘E4§or§4%
5 &l €75

(2
B
izl l-HG

_,
&IIIII‘IIIO
CRECAREREE)!
S
RGO,
S
i
N
o0

g 0
§= 20 orrkgl. 4
% 0 7 0

(5
o

1

two possible cartesian equations of O are
3x+ y+z=-20and 3x+ y+ z= 68.

Alternatively,

The cartesian equation of O is of the form 3x+ y+ z= p.
x=0,y=0and z=p satisfy 3x+ y+ z= p, B(0,0,p) is
apointin P.

Distance between O and p, is 44/11.




Qn | Solution

U
: |BA ><53L= 411

78 @

0 I—§13= 411
éJﬁE;

- Do 1

71_1—1|24- pl= 411

|p- 24|= 44
p- 24=- 44 0or 44
p=-20o0r68

two possible cartesian equations of Oare
3x+ y+ z=-20and 3x+ y+ z= 68.

l1ia a+4d _ a+1ld
at+t2d a+4d
a*+ 8ad + 16d”> = a® + 13ad + 22d°
Sad = - 6d?
Since the terms are distinct, d'! 01, d=- Ea
Required sum = g((a+ d)+ (a+ 2n- 1)d))
- = §(2a+ 2nd)= n(a+ nd)
bi n | Beginning End
1 | 40000 40000(1.005)
2 | 40000(1.005) 40000(1.005)*
3 | 40000(1.005)> - x 40000(1.005)° — 1.005x
4 | 40000(1.005)° — 1.005x - | 40000(1.005)* — 1.005% -
x 1.005x
5 | 40000(1.005)* — 1.005% -
1.005x —x

Amount at the beginning of 5" month
= 40000(1.005)* — 1.005% - 1.005x —x

x(1.005°- 1)
T1.005- 1
= 40000(1.005)' - 200x(1.005°- 1)

= 40000(1.005)' -

i

He wishes to repay his in 5 years, n =60
40000(1.005)" - 200x(1.005% - 1)€ 0

40000(1.005)”
200(1.005% - 1)

x* 800.17
His minimum repayment is $800.17

iii

Amount interest bank earned = $(800.17(58) - 40000)
= $6410.06 = $6410 (nearest dollar)




Qn | Solution

12| Since f(x) is a quadratic expression and f BG)=f( 3)=0, ()= k(x*- 9).

k(x*- 9
x+a 2 x+a

x] 0
—x+ IH{x+ a)+
I A
x+a x+a
1
—X
2

2+§+ la%x+ a+ b
2 0

x+1
Comparing coefficients,

=%1> f(x)= %(xz- 9) \ 1+%a= 0P a=- 2(shown)

a+b=——z—:>b=—é

¥ 3

X =
2
y= ¥-9 1 ... _5
2(x- 2) 2 2(x- 2)
dy_1, s
dx 2 2(x- 2)°
When Y_ , l+ > =1p > -1
dx 2 2x- 2)? 2(x- 22 2
(x- 2y°=5
x=2+ JE

Whenx= 2+ NC
1 5
=—(2+5)+1- —=
73 25
Whenx= 2- \/g,

= %(2- S5y 1 —2

2(- V/5)

The equations of tangent are

y- 2= x- (2:!: \/g)
y=x- \/gory= x+ 5
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Section A: Pure Mathematics [40 marks]

When an object moves through a fluid, it experiences a force that slows it down. This force is
called the drag force. At low speeds, it is known that the drag force causes the rate of change in
the speed of the object to be proportional to its speed. You may assume that the experiment
described below is carried out at low speeds and the only factor that affects the speed is the
drag force.

An experiment is conducted to find out how the speed of an object changes as it moves through
a certain fluid. When the speed of the object slows down to a speed of D m s, a sensor is
triggered and the subsequent speeds of the object are recorded.

(i) Show that the speed of the object, v m s, at ¢ s after the sensor is triggered, is ‘given by
v= De #  where p is a positive constant. [4]

(ii) On a single diagram, sketch the curves, Ci and C», of v against ¢ corresponding to p = e
1

and p=—.
e
State a single transformation the maps C; onto Ca. 3]
Given that y = \/(e" cos’ x) , show that 2 y%x}i =y’ —e*sin2x. [2]

(i) Find the series expansion of y in ascending powers of x up to and including the term in

x>, 3]
(ii) Hence, or otherwise, find the series expansion of \7—(X——2—)— in ascending powers of x
e*cos” x

up to and including the term in x?. [3]

(@) The points 4, B, C and D represent the complex numbers —2+5i, z,, 4+i and z,

respectively. Given that ABCD is a square, labelled in an anti-clockwise direction, show
that z, =—-1. Find z,. : [4]

(b) Show that the equations z° = z and |z]=1 can be reduced to z" =1, where n is a

positive integer to be determined. Find all possible values of z in the form re'’ | where
r>0and 058 <2x. [4]

A+1i)
Zk

be purely imaginary. [4]

Given further that 0 < arg(z) < —72£, find the smallest positive real number & for to



4

6

(@)

“ (b)

Referred to the origin O, the points 4 and B have position vectors .a and b respectively.
The points C on 4B and D on OB are such that 24C = CB and 20D =3DB. Show that a
vector equation of the line m passing through C and D can be written as

r=—§-b+ﬂ.(5a—2b), A€l . [4]

- It is given that |a|=2,|b|=5 and the angle between a and b is 60°. The point F on m is

_ such that F' is nearest to O. Show that the position vector of F' can be written as

k(5a+2b), where kis a constant to be found. [4]

Plane 7 has eqﬁation 3x+2y+5z=45.
Obtain a vector equation of 7 in the form
r=t+Au+puv, L,uel,

given that t and u are of the form pi + pj and 2i + gj respectively, where p and g are
constants to be determined, and u is perpendicular to v. [5]

Section B: Statistics [60 marks]

The head of the Physical Education department of a school wants to gather students’ views
about the school’s efforts in promoting student participation in physical activities. On a
particular afternoon, he surveys the first 30 students who turn up at the school gymnasium.

@
(i)

AR

(¥
()

i)

Explain why the above method may not be suitable for the purpose of his survey. [1]

Describe another sampling method that would yield a sample that is more appropriate in
this context. 2]

Numbers in this qliestion are formed using only the digits 1, 2, 6, 7 and 9.

How many 4-digit numbers can be formed if repetition of digits is allowed? © 1]

How many even numbers between 10,000 and 30,000 can be formed, if each digit can
only be used once? . [2]

A “trick” number is a 6-digit number formed using exactly 3 different digits, and that
each digit is smaller than or equal to the following digit. How many “trick” numbers can
be formed? [e.g. 127777 and 667799 are “trick” numbers, 111122 and 192992 are not
“trick” numbers.] [5]



4

Box A contains 10 red, 8 blue and 7 green balls. Box B contains 2 white and 3 black balls. All
the balls are indistinguishable except for their colours. Three balls are taken from Box 4 and
two balls are taken from Box B, at random and without replacement.

Mr Wong guesses that there are at least 1 red ball and exactly 2 black balls taken, while Mr
Tan guesses that all the balls taken are of different colours.

(i) Show that the probability that Mr Wong is correct is 0.241, correct to 3 significant

figures. {3]
(ii) Find the probability that Mr Tan is correct. 2]
(iii)  Find the probability that Mr Wong is Eorrect,given that Mr Tan is wrong. [3]

A shop sells two brands of refrigerators which are in the same pﬁce range. The number of
Tahichi refrigerators sold per week is a random variable with the distribution Po(1.3) and the
number of Sungsam refrigerators sold per week is a random variable with the distribution
Po(1.1). '

(i) Show that the probability of a total of at least 10 refrigerators being sold in a randomly
chosen 4-week period is 0.491, correct to 3 significant figures. 3]

(i) A 4-week period is called a “good” period if at least 10 refrigerators are sold. Find, using
a suitable approximation, the probability that, in 52 randomly chosen 4-week periods,
there are more than 25 but at most 32 “good” periods. [4]

(iii) State, in the context of this question, two assumptions needed for your calculations in
part (i) to be valid. Explain why one of these assumptions may not hold in this context.[3]

The masses of grade 4 durians from a plantation are normally distributed with mean 1.96 kg
and standard deviation 0.24 kg and the masses of grade B durians from the same plantation are
normally distributed with mean 1.00 kg and standard deviationo kg.

The probability that a randomly chosen grade.B durian has a mass of more than 0.8 kg is 0.95.
Show that o= 0.122, correct to 3 significant figures. . _ {31

(i) 50 grade 4 and 1 grade B durians are randomly picked from this plantation. Find the
probability that the average mass of the 50 grade 4 durians is more than twice the mass
of the grade B durian. Explain whether there is a need to use Central Limit Theorem in
your working. , [4]

(ii) A wholesaler buys 50 grade B durians. Using a suitable approximation, find the
probability that more than 47 of the durians will have a mass of more than 0.8 kg. 4]



10  An ice-cream shop owner in Singapore wishes to find out how the daily sales of ice-cream

11

| No. of cups of ice creams
" +|-sold in one day, x’

depend on the daily average temperature. The following data are collected over 10 days.

Day 1 2 3 4 5 6 7 8 9 10

Daily average temperature,

£oC 24.0|125.1126.2|31.0{28.434.0}27.2]32933.5]29.5

100 | 130 | 140 | 171 | 158 | 179 | 150 | 176 | 178 | 163

(i) Without calculating the equation of the regression line of x on ¢, find the coordinates ofa

point that will lie on this line. 2]

(i) Draw a scatter diagram to illustrate the data and find the product moment correlation
coefficient between x and . 2]

.(iii) Without any calculations, explain whether a quadratic model is more appropriate than a

linear model to fit the data. [1]

(iv) The model x=a(34.2—-l‘)2 +b is used to fit the data. Calculate the least squares
estimates of a and b. [2]

(v) By using the values found -in part (iv), estimate the expected number of cups of ice
creams sold in 1 day if the daily average temperature is 31.0°C. (1]

The mass X g, of one loaf of “Gardener” wholemeal bread is a random variable with mean u g,
which is claimed to be 400g. A random sample of 5 loaves of wholemeal bread has masses in g
as follows,

371.3, 399.4, 402.3, 388.3, 400.4.

Carry out a test at the 5% significance level to determine whether this claim is valid, stating

_.clearly any assumption made. : [4]

Another random sample of 50 loaves of wholemeal bread is taken, with results summarised

below,

x—400)=-102.4, 3 (x—400)" =8030.2.
2. ) 2 )

.. Using the second sample, another test was carried out at the k% significance level to determine
- the validity of the claim. Find the set of possible values of & for which the test concludes that
" -the claim is incorrect. - '

- Explain, in the context of the question, the meaning of “k% significance level”. 5]

n hypothesis tests are carried out at 4% level of significance to test the validity of the claim.

Given that y is indeed 400g, find the least value of 7 such that the probability of at most 1 test
making a wrong conclusion is less than 0.05. [3]

[End of Paper]
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Qn | Solution
li | Since speed is decreasing and v is positive,
%= - kv, where k is a positive constant
ldv _
vdt
6 Lgy= O- kdt :
Inv=-k+C Qv>0
v= Be ¥
Whent=0s,v=Dms!
B=D
Let k= p, hence v=De ¥ where p is a positive constant.
il Va
|©:.D)
&
Cl
v=10 )
O »
Stretch C parallel to the f-axis, factor e, v-axis is invariant.
2

y=+e" cos’ x

dy e*cos’ x—2e"sinxcosx

dx 2Je* cos? x
_y'—e'sin2x
2y

dy .
2y—-=y° —e*sin2x
ydx y

Alternative Solution
y=+e"cos’ x
y* =e‘cos’x

d 3
2yay =e" cos’ x—2e" sinxcosx

=y’ —e*sin2x

2 2
Z(d—y) + 2ygl = 2yd—y—e" sin2x —2e”" cos2x
dx dx

de

Whenx =0, y=+ecos’0 =1




Qn

Solution

ii

-1
——1——————=(1+—1-x—§x2 +)
Je*cos® x 2 8

=1+(—l)(%x—%x2 +...)+%(%x+...)z +...

=1—-!-Jc+g’-x2 +lx2 +...
2 8

ST I
2 8
3a | From the diagram, Im A\
s AC 2,5 D(z)
arg(4+i—zl)+—2—=arg(—2+5i—z,)
i(@+i- z)=(C 2+ 5i- z) c@n)
4i- 1- iz, = - 2+ 5i- z, ZEN? >
(- i)z, =- 1+i ‘
z=-1
+4 5+
Midpoint of AC i 1sg 22 4 5 10 (1 3)

Let z,= x+ iy

Since the diagonals of a square bisect other,
Midpoint of BDis (1,3)

- l y + OO

1,3
LYo
\ x= 3,y= 6
z,= 3+ 6i
bi Let 7= 6®p 2" = ¢ = 1 Asltern*atively
z =z
5 -1 *
zZ =z sz= . =|z|2
6
2 =1 =1

26 =62klti’k€D
ki
z=e? ,k=012,3,4,5

z. 2=z 4r. Sm.

1 —1 -—1 —]
=lLe3,e3 ,~le? ,e3




Qn | Solution
11 . k7r
Smce0<arg(z)<5 ,Z= e3 =zt=e3 '
. T —k—”i n_kx).
(1+1)=\/§e.4.e Z =J§e(4 =)
( ) % km T 37
- If is purely imaginary, ———=+4— +>_ |
purely imaginary. 1 3 2772
-1 Since k is positive, —Z—E:—E,—:;—E,...
il 4 3 2" 2
kﬂ.’ 37: 77[
3 474
Smallest positive & when iz -3
. 9
{ Smallest positive k= 7
4a .

R‘:l(zg+g),513=§zz
3 5

— 3.1 2
=2p-—(2 ——Z(5a-2b
CD=<b 3( a+b) 15(59 b)

Since line m passes through D and is parallel to CD,
UL
r= 0D+ uCD

0

3,
=Zbp+—u(b- 5
5% 15”( 5

3,
=2b- = u(a- 2b
5% 15”(0 /)

—--b+/1(5a 2p)At D

0

Equation of m is r~'=§g+ﬂ(5g—2[3),/1 el .

F is a point on m

| ..OF = %Q +A(5a—2b) for a value of 2 o

OF is perpendicular to /=> OF - (5a-2b)=0

:[?-gm(sg_zg)].(sg_zb):o

Sa- 2b
0/ .\Ol

| =3(a- b)——(b b)+A[25(a-a)—20(a-b)+4(b- b)] 0

| =3(a-5)-2pf + 4[25af ~20(a-8) + 4o ] =

Since g-b =|a||b|cos60° =2 x5 x —% =

~3(5) —%(5)2 +2[25(2)" ~20(5) +4(5)’ |=0

:>ﬂ~=i

20




Qn | Solution

— 3 3 3

- OF ==b+—(5a-2b)= —(5a+2b)
57 20 20
Alternative Method o
wE A
DF = EDO Sa- 2b854- 2b
|5a3 d 2%f’=|5a9 g 2%[’ LSa 2b

g 21;;2§ 508, 4pog; ) ©

R
- (L) 0 Ve
g 2l;)>(5a 2@‘5% )
- 30+ (5)
25@ : 20(gxb)+ 4|bJ 5
15
- (a- 2b
25(2)2- 206) 4GY % 2

= 2 Ga- 2
(32, R

3 3
~OF =2Zb+—(5a-2bY= =-(5a+
OF 512 20(59 2[2) 20(59 212)

The equation of the planex is 3x+2y+5z=45.

(p.p.0) liesin 7=>3p+2p+0=45=>p=9

2 3 2) (3
q | is perpendicularto | 2 [=>{ g |-| 2 |=0
0 5 015

6+2g=0=>qg=-3

Since p is perpendicular to both  and 7,

3 2 15

uxn=|2|x|-3|=| 10

5 0 -13

9 2 15
r=|9|+A] 3|+4 10 |, uel

0 0 -13

Alternative method to find Y,
o0

Let v= =
% EyT




Qn

Solution

| v=§ 103

3x+2y+5z=0and 2x-3y=0
ERAGINT R
Let z = 13 (any non-zero number will work)

® 150

x=

135

51 .
.| obtained is biased. -

He will not get to survey the students who do not go to the school gymnasium. Hence, the sample

il

He can obtain a numbered list of all the students (labelled 1 to N) in the school. Using a random
number generator, he generates 30 distinct numbers. He will survey the students corresponding the
numbers generated.

Alternatively.

| Let the total number of students be N

Sampling interval = —31%
He can obtain a numbered list of all the students (labelled 1 to N) in the school.
Using a random number generator, select a starting number kK where 1£ £ £ ;—vd . He can interview the

students corresponding to the numbers &, &+ %, k+ —]-V-,K Jk+ BN ;

15~ 30

6i

Number of 4-digit numbers = 5* = 625

it

Casel: Starts with 1 1 2
No. of ways =231 =12 1 6

Case 2: starts with 2
No. of ways =3!=6 2 6

Total number of ways = 18

iii

Case 1: XXXXYZ
No. of ways = °C3(*C;) = 30

Case 2: XXXYYZ
No. of ways = 3C3(°C)}(*C1) = 60

Case 3: XXYYZZ
No. of ways =°C; = 10

Total number of ways = 100

7i

* 15 Q 3
P(Mr Wong is correct) = El— G ot G 0.24065= 0.241

25(::36 5C2
ii 08~ -7 3.2
P(Mr Tan is correct) = G ,SC‘ G C'S G 84 0.146
=G, C, 575
Alternative method:
P(Mr Tan is correct) = 1078 7. ! 32 2!
257 24" 23 5" 4




Qn

Solution

=5 0.146
. 575

iii

P(Mr Wong’s guess is right, given that Mr Tan’s guess is wrong)
_ P(Mr Wong is correct and Mr Tan is wrong)
P( Mr Tan is wrong)

0.24065

~1-0.14609
=0.282

8i

Let T be the total number of refrigerators sold in a 4-week period.
Tu Po((1.3 +1.1) x4)

Tu Po(9.6)

P(T210)=1-P(T < 9)=0.49114 = 0.491 (3sf)

i

Let X be number of good periods out of 52.

X 1UB(52,0491) or X0 B(52, 0.49114)

Since np =25.532 > 5 and np(1 — p) =26.468> 5
X LIN(25.532, 12.996) approx. or X ] N(25.539,12.996) approx.

P(25 <X < 32)=P(25.5 <X < 32.5)=0.477 (or 0.478)

iii

We need to assume that the sales of all the refrigerators are independent of one another.

a °

We also need to assume that the average rate of refrigerators being sold is constant.

The first assumption may not hold as the two brands of refrigerator are in the same price range and
they can be competing in terms of sales.
OR

The average rate of refrigerators sold is unlikely to be a constant due to sale, festive seasons,
economic conditions etc.

Let 4 kg and B kg be masses of a randomly chosen grade 4 and grade B durian respectively.
AU N(1.96, 0.24%) and B U N(1.00, o2)
P(B>0.8)=0.95

P(Z >M)=o.95

g
P(Z SM):O_OS
(o3
02
22 16448520 =0.12159 ~ 0.122
(o)

AL N(1.96, 0.24%) and B U N(1.00, %)

5
T and

0.242
0 %]

_ x
A~ Ngl 96,
5




Qn | Solution

2B LI N(2.00,22(0.122%) or 2B0 N(2.00,2%(0.12159)"
A- 2B~N( 0.04,0.060688) or A- 2B~ N(- 0.04,0.060290)

P(4- 2B> 0)= 0.436 (or 0.435)

Central limit theorem is not needed because the masses of grade 4 durians follow a normal

| distribution.

i | Let ¥ be the number of grade B durians with a mass of more than 0.8 kg out of 50 durians.

Y u B(50, 0.95)
np=50x0.95 = 47.5> 5 and n(1-p) = 50x 0.05 =2.5<5

Let ¥’ be the number of grade B durians with a mass < 0.8 kg out of 50 durians.
Y'u Po (2.5) approx.

P(Y > 47)=P(50-Y" > 47)
=P(r'<2)
=0.544

10i | 7and x £= 29.18,x=154.5

Hence, (29.18, 154.5) lies on the regression line x on £.

ii

x
200 4
180 - , *e
o °
160 4 N %
i . ¢
140 ] e
|
120 4 _
i
100 4 ]
- : ; > 1 /°C
6 25 30 35

r=0.934 (3s.£)

iii | From the scatter diagram, x increases by decreasing amounts as ¢ increases. Hence, a quadratic model
might be more appropriate. :

iv | By GC, a=-0.673 (3sf), b =179 (3sf)

v | Substituting z=31.0,
x=-0.67342(34.2-31.0)’ +179.28
=172.388




Solution

Expected number of cups of ice cream sold is 172.

11

H,: x# =400
H,: p#400
Level of significance: 5%
X - 400

S/5

Test Statistic: When H, is true, 7 =

Computation: v=5-1=4.
By GC, x=392.34,5=12.971, p-value = 0.257 (3sf)

Conclusion: Since p-value = 0.257 > 0.05, Ho is not rejected at 5% level of significance. So there is
insufficient evidence to conclude that the claim is invalid.

It is assumed that the masses of loaves of “Gardener” wholemeal bread follow a normal distribution.

7= 400- 1924 _ 397957
50

& - 10248

= - £8030.2- g————l% 159.60

49 50 3
H,: u =400
H,: x+#400
Level of significance: £%
Test Statistic: When H, is true, Z = X —400

Vi 59.6017307
J55

Computation:
By GC, x=397.952, p-value = 0.252 (3sf)
For Ho to be rejected at k% level of significance,
p-value < *_ => k=252
100

Setof values = {k e : k 225.2}

“k% significance level” in this context means there is a probability of I](—‘):E (or k%) that the test will

conclude that the mean mass of “Gardener” wholemeal bread is not 400g, when it is actually 400g.

Let Y be the number of wrong conclusions out of # hypothesis tests
Y 0 B(n,0.04)

P(Y <1)<0.05

By GC,

n P <D
116 | 0.05121
117 | 0.04952
Leastn=117

Alternatively




Qn

Solution

P(Y<1)<0.05

(3.95)" +n(0.96)"" (0.04) <0.05

Leastn=117







