SRJC Paper 1

1 The complex numbers z and w satisfy the simultaneous equations
iz+w=2+1 and 2w—(1+1)z=8+4i .
Find z and w in the form of a+1b, where a and b are real. [5]

2
2x" +2x-1 <
x> +2x
2x* +2|x|-1
—_— <«

2 Solve the inequality 1.

1. [6]

Hence, solve the inequality 5 <
X +2|x|

3 For e, 3 € R such that 2 < f3, the complex numbers z; = ¢'* and z; = 2¢" are represented by
the points P and Q respectively in the Argand diagram below.

Im
P
0 1
B
2 a
10) Re
. 2
Find the modulus and argument of the complex numbers given by %zz and A . [4]

Z

Copy the given Argand diagram onto your answer script and indicate clearly the following

points representing the corresponding complex numbers on your diagram.

@ 4 EZZ [1]
i)y B - []
Z,

You are expected to indicate clearly the relevant moduli and arguments for parts (i) and (ii) on
your Argand diagram.

11
If p= En , find the smallest positive integer n such that the point representing the complex

number (22 )n lies on the negative real axis. [3]

4 The curve C has equation 4y° -8y —x> —4x—4=0.
Q) Using an algebraic method, find the set of values that y cannot take. [3]

(i) Showing any necessary working, sketch C and indicate the equations of the asymptotes.

(4]
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The function f is defined by

f:xl—)%tan(%j, xeR, -27r<x<2rm.

(i) Explain why ™' does not exist. [2]
(i) The domain of f is restricted to (—z,a) such that @ is the largest value for which the
inverse function f ' exists. State the exact value of @ and define ' in a similar form.

(3]
In the rest of the question, the domain of fis (—z,a), where a takes the value found in

part (ii).
(iii) Sketch, in a single diagram, the graphs of y = f(x) and y =f ' (x), labelling each graph
clearly.Write down the equation of the line in which the graph of y=f (x) must be

reflected in order to obtain the graph of y =1 - (x) and draw this line on your diagram.
(3]

(iv) Verify that x :% is a root of the equation x =f (x) Hence, explain why x = %is also

a solution to the equation f (x) =f' (x) ) [2]

Referred to the origin O, the two points 4 and B have position vectors given by a and b, where a
and b are non-zero vectors. The line / has equation I =2a+ 4 (a + 2b) ,where 4 € R . The point

E is a general point on / and the point D has position vector 2a —b.

Given that vector a is a unit vector, vector b has a magnitude of \/5 units and that a-b =1,

Q) find the angle between vectors a and b, and, [2]
— >
(i) by considering DE«DFE , find an expression for the square of the distance DFE, leaving
your answer in terms of A. [3]

Hence or otherwise, find the exact shortest distance of D to /, and write down the position vector
of the foot of the perpendicular from D to /, in the form pa + gb. [3]

@ By considering the Maclaurin expansion for cos x , show that the expansion of sec x up

. : . o 1 5
to and including the term in x* is given by 1+ 5 x> +—x* . Hence show that the

1
expansion for ln(sec x) up to and including the term in x* is given by [E X+ Axﬂ

where A4 is an unknown constant to be determined. [4]
(b) The variables x and y satisfy the conditions (A) and (B) as follows:

dy

l+x*)==1+y —(A
( X)i y —(A)
y =0 when x=0 ---(B)

(i)  Obtain the Maclaurin expansion of y, up to and including the term in x°.
(4]
(if)  Verify that both conditions (A) and (B) hold for the curve In (1 + y) =tan ' x .[2]

(iii)  Hence, without using a graphing calculator, find an approximation for

jo(e‘ —1) dx . 2]
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@ The fifth, ninth and eleventh terms of a geometric progression are also the seventh,
twenty-fifth and forty-ninth terms of an arithmetic progression with a non-zero common
difference respectively.

Show that 3R® —7R* +4 = 0, where R is the common ratio of the geometric progression
and determine if the geometric progression is convergent. (4]

(b) A semicircle with radius 12 c¢m is cut into 8 sectors whose areas follow a geometric
progression. The first sector, which is the largest, has an area of 4 cm”. The second sector
has an area of Ar cm?, the third sector has an area of A7 cm?, and so on, where 7 is a
positive constant. Given also that the total area of the odd-numbered sectors is 10 cm?

more than that of the even-numbered sectors, find the values of 4 and r. [5]
(© The production levels of a particular coal mine in any year is 4% less than in the previous
year. Show that the total production of the coal mine can never exceed 25 times the
production in the first year. [2]
X Px+
(a) Using the substitution u = 2x + 3, find I—3 dx in the for _x—Qz +c
(2x+3) R(2x+3)
where P, O and R are positive integers to be determined. [3]
xIn(4x+3)
Hence find I—3 (3]
(2x + 3)
(b)  Find Isin 4xcos6x dx. (2]
Hence or otherwise, find J. ¢"sinde” cos6e” dx. [1]

A particle is moving along a curve, C, such that its position at time ¢ seconds after it is set into
motion is given by the parametric equations

x=t+e ', y=t—e’.
Q) State the coordinates of the initial position of the particle. [1]
(i) Explain what would happen to the path of the particle after a long time. [1]

At the time of 2 seconds after the particle was set into motion, an external force struck the particle
resulting in the particle moving in a straight line along the normal to the path at the point of
collision.

(ili)  Find an equation for the normal to the curve C at the point ¢ = 2, leaving your answer
correct to 3 decimal places. [3]

After T seconds, where 7 > 2, the particle reaches point 4, which lies on the x-axis, and stops
moving.
(iv) Find the coordinates of the point 4. Hence, give a sketch of the path traced by the particle,

indicating the coordinates of any axial intercepts. [4]
(V) Find the total area bounded by the path of the particle in the first 7’seconds and the positive
X-axis. [4]
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A heavy wooden chest has a cross-sectional area made up of a rectangle and a semi-circle as
shown in the diagram above. The wooden chest is constructed such that the perimeter of the cross-
sectional area is 100 cm. It is given that the wooden chest is 2(a + b) cm long and the lengths of
AB and BC are 2a cm and 2b cm respectively, where a < 70.

(i Express b in terms of a. [1]

2
a
(i) Show that the cross-sectional area of the wooden chest is given by S = 100a —— (7[ + 4)

and find the volume of the chest in terms of ¢ and 7. [4]

(iii) As a varies, find the value of a such that the volume of this wooden chest is greatest and
find this volume correct to 2 decimal places. [5]
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ANNEX B

SRJC H2 Math JC2 Preliminary Examination Paper 1

1

Complex numbers

z=-=1+1iand w=3+2i

Transformation

2 |Equations and 2<x<-lor0<x<l1, -1<x<1, x#0
Inequalities
3 |Complex numbers i 3
P Lol=largtz) = g-Z
2 2
z,? 1 z?
S =—,arg| L |=20-p
z, 2 Z,
(i) & (ii)
Im
P
o
1
s
2 1 -.'.\a .
o = Ee
21T : ?ﬁ
- in
A
Smallest n required = 12
4 |Graphs and (i 0<y<2

(i)

(SRR




Functions
(ii) a=m, f_1:x|—>2tan_1(2j, xOR.
T
(iii)
I L y=f I
S 4]
| |
| 24 y=t7(»
| |
| |
| | .
O —
| ) |
| N |
2 |
- | - Fr | -
[ T
| e |
X=—T | | X=T
The line required 1s y=x.
(iv)
Since the graphs of y =f (x) and y=f"' (x) intersect
along the line y = x, and since x =%T is a root of the
equation x =f (x) , thus, the graphs of y=f (x) and
y=f" (x) must also intersect at the point x = %T .
Vectors (i) 8=45°

(ii) 1342 +104+2

Exact shortest distance from D to [ is L units
W13

Maclaurin series

5?:23—&
137 13
@) L+l A=
2 12 12
xz x3
b)) y=x+——-——+...
(b) () y > 6
S )
) —
( )384

AP and GP

(@) r=+J2 solr>1
Hence, the geometric progression is not convergent.




(b) r=0.75610,A =61.8

9 |Integration techniques |[(a) P=4,Q0=3and R=8
+
J-xln(4x 33) doe _(4x+3)ln(4x+3)‘2|'2(2x+3) ‘C
(2x+3) 8(2x+3)
1 1
(b) ——cos10x+—cos2x+C ,
20 4
1 . .
——co0s810e” +—cos2e* +C
20 4
10 |Differentiation & (i) (1,—1)
Applications (ii) The path of the particle approaches the line y = x
(iii) y =-0.929x+3.857
(iv) A (4.15,0)
4
v
(2.02, 1.98)
L
\. 44150 *
(1.-1)
(v) 3.56 units?
11 |Differentiation & . _100-a(m+2)
Applications (i) b= —

3
(ii) 5000a —757Ta —%(722 +277-8)

(iii) @ =12.7, greatest volume = 29671.95 cm?




H2 Mathematics 2017 Prelim Exam Paper 1 Question
Answer all questions [100 marks].

2-i
Letw=2+i—-iz———(3)
Substitute eq (3) into eq (2)
2Q2Q+i-iz)—z—-iz=8+4i
4+42i-3iz—z=8+4i————(5)
Let z=a+bi
Substitute z =a+bi into eq(5)
4+2i-3i(a+bi)—(a+bi)=8+4i
4+421i—3ai+3b—a—-bi=8+4i
Comparing real and imaginary parts:
4 +3b —a =8(real parts) ———(6)
2 —3a - b = 4(imaginary parts) ———(7)
Eq(6)x3 — eq(7)
10+10b =20
10 =10
b=1
Since b=1, 4+3()-a=8=a=-1
Oz=-1+i
Substituting z =-1+1i into eq(3) to solve for w
w=2+i+i+1=3+2i
Answer: z=-1+i and w=3+2i

2x*+2x—1
ey |

2
X +2x
2
+ —
2)(2 2x I—ISO
X" +2x
2x* +2x—-1-x" -2x
<0
XX +2x
2—
= x -l <0
x(x+2)

NG [Cind) PO

x(x+2)

Thus, 2<x<-lor0<x<l1




2

—2<|x{<-lor0<|y<1

Replacing x with |x

—2<|x|s—1 = no solution

For O<|x|£1,

0<|x and |x|<1

xOUO,x#0 and —1<x<1

Thus, range of values: -1<x<1, x#0

Im
M
F
Q
1
2 .Jﬁ e
o “Re
.-"é 'ja_ﬁ
1 B
Brsm
A

1 Z, = (% eiZJ (ZCiﬁ) = ei(mg]

2
Modulus =1
Argument = ,8+§—2ﬂ: ﬁ—%-[

(i) Point A correctly plotted

2 ia _ia
. _ el%el :lei(za—ﬁ)

z, 2% 2

Modulus = 1
2
Argument = 2a - 3
(ii) Point B correctly plotted
Aln

(b) (2)"=2%
Since the point lies on the negative real axis, arg(z2)" = (2k + 1)1t for k U Z.

U ﬂmt =2k+ Dm
12




12
=—(2k+1
=>n 11( +)

= Smallest n required = 12

@ - —dx+(4y*-8y-4)=0
For values that y cannot take, there are no real solutions for x and discriminant<0.
Therefore, (—4)> —4(-1) (4)’2 —8y-— 4) <0
16+16y*-32y-16<0
y>=2y<0
y(y=2)<0
0o<y<2
Set of values that y cannot take is {y Hi:0<y< 2} .
(ii) 4y -8y—x"—4x—4=0

4[()/—1)2 —1}—[(x+2)2 —4}—4 =0
4(y-1) -4-(x+2)" =0
(v-1) _(x+2)




(i)

21

»" ". y=1f(x)

-2m - ~0 ™ Al

-2t

The horizontal line y = 1 cuts the graph of y = f(x) at 2 points. Thus, f(x) is not a one-one
function and the inverse of f(x)does not exist for the domain [ -277,277 |.

OR
Any horizontal line y =k (k[ ) cuts the graph at more than one point. Thus, f(x) is

not a one-one function and the inverse of f(x)does not exist for the domain [ 277,277 ].

(ii)

a=.T
To make x the subject of y




(ii1)

| S f(x |
| 4 y=1(x) |
Y I I D S I
| |
| 2 4 V= _1[.1’)
| |
| . |
| | x
: : H : : : : H : |
-4 |—3 =2 -1 1 2 3i 4
| - |
| N |
|
___| R & | -
[ hl
| 4 |
l':_.l—fl |-|I.—||—[

The line required 15 y = x.

(iv) (m\ @ (7 =«
L2) 2 \4) 2
. .
Thus, x= S isa root of the equation x=1 [:xj

Since the graphs of v =1 [:xj and y=1 - [:xj intersect along the line v = x, and

. . .
since x=—_ 152 root of the equation x=1 [:xj . thus, the graphs of y=f [:xj and

i

=

v=f - [:xj must also intersect at the point x=

k2 |




@ ap= |a||b|c055‘ =?’|1”\E‘m5ﬁ

ab=1 - c05§=% = & = 45" (bv inspection)
(i) DE=QOE-OD=2a+Ai(a+2b)—(2a-b)=b+Ai(a+2b), icR
To find the square of the distance DE
DE* =[b + A(a+2b)][b+ A(a+2b)]
=bb +A*(a+2b).(a+2b)+24b.(a+2b)
=bb +2*(aa+4ab+4bb)+2i(ba+2bb)
=2+ 27 (1+4(1)+4(2))+24(1+2(2)) assaa=1.bb=2andab =1

=2+133% <104

=134% 10442

The perpendicular distance from E to [ occurs when D 1s closest to /, that 15 when DE 1s

.. . -]
M of A=——.

13

Exact shortest distance from D to [ 15 Lum'ts_

NE]




Method Two:

DE is minimum when DE? is minimum:

i(ﬂf)::ﬁﬁﬂﬂ
dx

To find stationary point :
When %(DE:)zll 26A4+10=0

I

ﬁ.

Since DE” is quadratic and coefficient of A% = 0.
5

13

SA=—

DE* is minimum at A =—

| o

" perpendicular distance from [ to [ occur when J=—

Lad

1
N (SY [ 5) 1
DE?= 1322 +104+2 = 13] -2 | +10{ -2 [+2 = —

L 13) L 13) 13

AN

Exact shortest distance from D to [ 1s L units.

NE}

(1v)

Let F be the foot of the perpendicular from ) to [
21 10
—a——b

OF =2a——{a+2b)=
B3 13 B

(a)

secx =

COS X
-1
Z(l—lx2 +Lx4 +)
2 24

2
S ) B G B
2 24 2! 2 24

—1+lx2 —ix4 +lx4 +...
2 24 4

1 5
=1+—x>+—x* (upto x*) (shown
5 4 (up ) ( )

ln(secx) =ln[1+%x2 +%x4 }

2
= lx2+ix4+... —l lxz+ix4 +...
2 24 212 24




2 3
i.e. y :X+7_Z+...

) 1 dy 1
ii In(l+y)=tan™ x= — =
) (1+7) T+yde 1+2

U (1 +x2)% =1+ y so condition (A) is satisfied.

Atx=0,
In(1+y)=tan"0=0=1+y=¢"
y=0

3 . ~% X x 55
(iiii) {(et —1)dx~_([(x+7—€de—@

(a)Let a denote the first term of the geometric progression.
Likewise, let b and d denote the first term and common difference of the arithmetic

progression.

O ar*=b + 6d ...Eq(1)
ar® = b +24d ...Eq(2)
ar'®=b+ 48d ...Eq(3)

Eq(2) — Eq(1): ar® — ar* = 18d ...Eq4)
Eq(3) - Eq(2): ar'® — ar® = 24d ...Eq(5)
ar® (r2 —1) 24d
Eq(5)/Eq(4): =
9>VEq ar4(r4—1) 18d
rt _ i
r’+1 3

3r*=4r* +4 (Shown)




From GC, r= i\/a so|rl>1
Hence, the geometric progression is not convergent.

(b)
Let a be the 1st term and r be the common ratio of the G.P.
Alt=-4y 1
P Uil B 0
1-r
Sodd _Seven = 10”
A(1=()Y)  Ar(1-(r*)*
() _arliee)
1-r 1-r
All-+*
M[l—r] =107 - )
(1—r)(l+r)
(D +(@2):
1-r _ 10
1+r 72
72-72r =10+10r
82r=62
r=0.75610

Substituting into equation (1), A = 61.8 (to 3 s.f.)
Let the production level in the first year be a.

Total production of the coal mine = 25a

a —
1-0.96
Thus, the total production of the coal mine can never exceed 25 times the production in
the first year.

(a) Given u=2x+3:>%:2
dx




(b)

_ 4x+3
8(2x+3)’
P=4,0=3andR=38

:Iﬁﬂh(4x+3) d Let %=ﬁ,u:1n(4x+3)
:_(4)6;(32)31(:)?3) | _s(é:?) D(4x4+ DR
=_(4Xg(32);n+(:)ﬁ+3) +Lxry)ar v

:_(4x+3)ln(4)§+3)+l(2x+3)—1(_l)+c
8(2x+3) 2 2
:_(4x+3)ln(4)§+3)_ L
8(2x+3) 4(2x+3)
:_(4x+3)ln(4x+3)-2l-2(2x+3)+C
8(2x+3)

Isin 4xcosbx dx
1. 10 + sin(=2x) dx
—5I51n x +sin(—2x)
:ljsinIOx—sian dx
2
:l —icos10x+lcos2x +C
21 10 2
1 1
=——o-co0slOx+—cos2x+C
20 4
Iex sin4e” cos6e” dx

= —icosmex +lcos 2¢" +C
20 4

10

(i)

(ii)

At the original position, t =0
x=0+e’=1land y=0-¢e’=-1
Thus the coordinates are (1,—1) .

As t tends to infinity, e - 0sox — tandy — ¢
Thus, the path of the particle approaches the line y = x




(1ii)

(iv)

b 1+2e™ and ;ﬂ =1-2e*
t

dr
dy _1+2¢™
dx  1-2e™
-4
Atr=2, x=2+e* =2.01832, y=2-e* =1.98168 and 2 = 1*26_4
— <€
. _2et -1
Gradient of normal = —=-0.92933
1+2e

Thus, an equation for C, is y—1.98168 =-0.92933(x-2.01832)
Le. y=-0.92933x+3.85737
1.e. y=-0.929x+3.857 (correct to 3 d.p.)

Atpoint A, y=0
0=-0.929x+3.857 = x=4.15178
Coordinates of A are (4.15, 0)
Sketch of motion of particle:

A

y

(2.02, 1.98)

(v)

\. A (4.15, 0) *

(1’ - 1)

Consider the curve C, when y =0,

t =e™*" and solving by GC, 1 = 0.4263
Thus, x = 0.85261

Required area
2.02 4.15

= [ ydr+ [ (-0.929x+3.857) dx

0.852 2.02

2 4.15
= [ (t=e™)(1-2¢7")dr+ [ (-0.929x+3.857) dx
0.4263 2.02
= 3.5576 units®
= 3.56 units?

11

(i)

Perimeter of cross-sectional area =100 = (2a + 4b) + % (27Ta)

=100=4b+a(m+2)

11




_100-a(m+2)
- 4

=b
Gi)  S§=(2a)(20) +%(7Ta2)

:4a{100—a(77+2)}+7_Ta2
4 2
=100a—a2(ﬂ+2)+ga2

2
=100a —%(2n+4 - 71)
2

=100a —%(n+ 4)  (shown)

100-a(m+2)
Note that, a+b=g+———7~

_4a+100-a(7+2)
4
1
=Z[1oo+a(2—n)]

Vv

{100a—§(77+4)}2(a+b)

2
a

= {10061 -+ 4)} %[100+a(2 ~7)]

a

23{100—5(7T+4)}[E100+a(2—ﬂ)]
=5000a - 7571 = (1 +277-8)
4

i) L =5000-15077a -2 a* (772 +277-8)
da 4

When (cil_v =0, using the GC, a =12.70471 or a = 64.36321
a

For a =12.70471 For a =64.36321
A a” a a’ a a”
Sign — 0 + sign _

av. — |\ av
da da

Thus when a =12.70471=12.7 (3 s.f.), volume is greatest.
Using the GC, greatest volume is 29671.95154=29671.95 cm®.




— End Of Paper -
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SRJC Paper 2

(i)

(i)

(iii)

(i)

(iii)

(@)

(b)

sin(4—B)
cos Acos B

Prove that =tan4—tan B . [1]

Hence, by considering a suitable expression of 4 and B, find
N

z sin x ;3]
~ cos [(r + l)x:l cos(rx)

V3

N
Using your answer to part (ii), find Z , leaving your answer in

- r+l)z
= 2c0s "% cos Q
3 3
terms of V. [2]
) n 9x ©  9x
Find j ——— dx, where n > 2 and hence evaluate I — dx. [3]
g (xz—l) ? (xz—l)
Sketch the curve y = 9—x3 for x>0. [2]

(x*-1)
: . . 2 .
The region R is bounded by the curve, the line y = 5 and the line x = 5.

Write down the equation of the curve when it is translated by E units in the negative y-

direction. [1]

Hence or otherwise, find the volume of the solid formed when R is rotated completely

2
about the line y = E , leaving your answer correct to 3 decimal places. [2]
. d . 1 . 3 3
(i)  Show that —| sin@ ——sin” 8 |=cos” & . [1]
déo 3
d’y
(i)  Find the solution to the differential equationcosec x —-= —cos’ x in the form
d 1 2
=f(x), giventhat y=0 and ——=—+— when x=0. 4
y="f(x),¢g y =3 [4]

Show, by means of the substitution v = x° y, that the differential equation
dy 2
X—+2y+4x°y=0
: y y

can be reduced to the form

o
<

—=—4vx.
dx

1
Hence find y in  terms of x, given  that y=— when

x=-3. [6]
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In the study of light, we may model a ray of light as a straight line.

A ray of light, /,, is known to be parallel to the vector 2i+K and passes through the point P with
coordinates (l,l, 0) . The ray of light hits a mirror, and is reflected by the mirror which may be
modelled by a plane I1, containing the points 4, B and C with coordinates (—1, 1,0) , (O, 0, 2)

and(O, 3, —3) respectively. This scenario is depicted in the diagram below:

FEeflected ray of Light .
Ray of light, [, e

(i Show that an equation for plane II, is givenby —x+5y+3z=6. [3]

(i) Find the coordinates of the point where the ray of light meets the mirror. [2]
(iii) Determine the position vector of the foot of the perpendicular from the point P to the
mirror and hence, find an equation of the line that may be used to model the reflected ray
of light. [6]

A second ray of light which is parallel to the mirror may be modelled by the line /,, with
x—1 z-2

Cartesian equation ,¥ = . Given that the distance between /,and the mirror is

14
\/f units, find the values of the positive constants & and £ . [4]

A random variable X has the probability distribution given in the following table.

X 2 3 4 )
P(X =x) 0.2 a b 0.45
Given that £ (|X - 4|) = i—(l) , find the values of a and 5. [3]

Two independent observations of X are taken. Find the probability that one of them is 2 and the
other is at most 4. [2]
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In a large consignment of mangoes, 4.5% of the mangoes are damaged.

(1) A total of 21 mangoes are selected at random. Calculate the probability that not more
than 3 mangoes are damaged. [2]
(i) The mangoes are randomly selected and packed into boxes of 21. For shipping purposes,

the boxes are packed into cartons, with each carton containing 12 boxes. A box
containing more than 3 damaged mangoes is considered low standard. Calculate the
probability that, in a randomly selected carton, there are at least 2 boxes which are of low
standard. [3]

(iii) Find the probability that a randomly chosen box that is of low standard contains no more
than five damaged mangoes. [3]

@ Seven boys and five girls formed a group in a school orientation. During one of the game
segments, they are required to arrange themselves in a row. Find the exact probability that
Q) the girls are separated from one another, [2]
(i) there will be exactly one boy between any two girls. [2]

In another game segment, they are required to sit at a round table with twelve identical
chairs. Find the exact probability that one particular boy is seated between two

particular girls. [2]
7 2 13
(b) The events 4 and B are such that P(A) = E, P(B) = g andP(A | B) = %
(i) Find P(4UB), [3]
(if)  State, with a reason, whether the events 4 and B are independent. [1]
(© A man plays a game in which he draws balls, with replacement, from a bag containing 3

yellow balls, 2 red balls and 4 black balls. If he draws a black ball, he loses the game and
if he draws a red ball he wins the game. If he draws a yellow ball, the ball is replaced and
he draws again. He continues drawing until he either wins or loses the game. Find the
probability that he wins the game. [2]

A company manufactures bottles of iced coffee. Machines 4 and B are used to fill the bottles with

iced coffee.

(i) Machine 4 is set to fill the bottles with 500 ml of iced coffee. A random sample of 50
filled bottles was taken and the volume of iced coffee (x ml) in each bottle was measured.
The following data was obtained

> x=24965 > (x-x)’ =365

Calculate unbiased estimates of the population mean and variance. Test at the 2% level
of significance, whether the mean volume of iced coffee per bottle is 500 ml. [6]

(i) The company claims that Machine B filled the bottles with £, ml of iced coffee. A

random sample of 70 filled bottles was taken and the mean is 489.1 ml with standard
deviation 4 ml. Find the range of values of g, for which there is sufficient evidence for

the company to have overstated the mean volume at the 2% level of significance. [5]

An online survey revealed that 34.1% of junior college students spent between 3 to 3.8 hours on
their mobile phones daily. Assuming that the amount of time a randomly chosen junior college
student spends on mobile phones daily follows a normal distribution with mean 3.4 hours and
standard deviation o hours, show that o= 0.906, correct to 3 decimal places. [3]
Find the probability that
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Q) four randomly chosen students each spend between 3 to 3.8 hours daily on their mobile

phones. (1]

(i) the total time spent on their mobile phones daily by the three randomly chosen junior
college students is less than twice that of another randomly chosen junior college student.

[3]

(iii) State an assumption required for your calculations in (i) and (ii) to be valid. [1]

N samples, each consisting of 50 randomly selected junior college students, are selected. It is
expected that 15 of these samples will have a mean daily time spent on mobile phones greater
than 3.5 hours.

(iv) Estimate the value of M. [4]

In a medical study, researchers investigated the effect of varying amounts of calcium intake on
the bone density of Singaporean women of age 50 years. A random sample of eighty 50-year-old
Singaporean women was taken.

(1) Explain, in the context of this question, the meaning of the phrase ‘random sample’. [1]

The daily calcium intake (x mg) of the women was varied and the average percentage increase in

bone density (y%) was measured. The data is as shown in the table below.

x (in mg) 700 800 900 1000 1050 1100
v (%) 0.13 0.78 1.38 1.88 2.07 2.10
(i) Calculate the product moment correlation coefficient and suggest why its value does not

necessarily mean that the best model for the relationship between x and y is
y=a+bx. [2]
(ili)  Draw a scatter diagram representing the data above. [2]

The researchers suggest that the change in bone density can instead be modelled by the equation

ln(P—y)=a+bx.
The product moment correlation coefficient between x and ln(P— y) is denoted by ». The

following table gives values of » for some possible values of P.

P 3 5 10
r —-0.993803 -0.991142

(iv) Calculate the value of » for P = 3, giving your answer correct to 6 decimal places. Use the
table and your answer to suggest with reason, which of 3, 5 or 10 is the most appropriate
value of P. [2]

The Healthy Society wants to recommend a daily calcium intake that would ensure an average of

1.8% increase in bone density.

(V) Using the value of P found in part (iv), calculate the values of @ and b and use your answer
to estimate the daily calcium intake that the Health Society should recommend. Comment
on the reliability of the estimate obtained. [4]

(vi) Give an interpretation, in the context of the question, of the meaning of the value of

P. [1]
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ANNEX B
SRJC H2 Math JC2 Preliminary Examination Paper 2

1 |Sigma Notation and (ii) tan(N +1)x—tanx
Method of Difference +1
(i) tan [M} -3
2 |Application of @ 1_ 9 1
Integration 4 4(n2 _1)2’ 4
(ii)
Ya !
0 ;f
ix =1
(i) y=—2> . ~2 3385 units’
(o)
3 |Differential Equations . 1 sinx) 2
(@) (i) y=—|sinx— +—x
3 3 Vs
3618—2)62
b) y=—=
X
4 |Vectors (i) (5, 1, 2)
3%s 5 72
(i) OF =| % | , [:xr=|1|+y| -10|,y00
% 2 29
2
a==, B=3
3 B
DRV a=0.25 and »=0.1,0.18
Binomial Distribution |(i) 0.987
(i) 0.0106
(iii) 0.981
7 |P&C, Probability AR B | 1
’ — (ii) —, — (b) 0.84 (¢) —
(a) () 99 (ii) 198’ 55 (b) (©) 3




8 |Hypothesis Testing (i) x=499.3, s* =7.45, p-value = 0.06974
(ii) 4, 2490

9 [Normal Distribution (i) 0.0135 (ii) 0.0781
(iii) Assumption:
The amount of time spent by a randomly chosen student
on mobile phones is independent of the amount of time
spent by another randomly chosen student.
(iv) N=69

10 |Correlation & Linear  |(i) The phrase ‘random sample’ means that every 50-

Regression

year-old Singaporean woman has an equal probability
of being included in the sample.

(ii) r=0.988
(iii)
v
&
25
(1100, 2.1)
2 x X
X
15
b4
1
x
05
700, 0.13
s » (700, 0.13) .
oV 700 800 500 1000 1100 1200

(iv) r=-10.995337

(v)a=3.24,b=-0.00310
The recommended daily calcium intake is 988 mg.
Since the 7 value is — 0.995 is close to — 1, there is a

strong negative linear correlation between In (P - y) and

x. Also since the value of y = 1.8 is within the data
range, thus, the estimate obtained is reliable.

(vi) The value of P is the maximum percentage increase
in bone density achievable as the daily calcium intake
increases.




H2 Mathematics 2017 Prelim Exam Paper 2 Question
Answer all questions [100 marks].

1 (1)
sinfA—-B) sinAcosB-cosAsinB _sinA sinB
= = - =tan A—-tan B
cos Acos B cos Acos B cosA cosB

(ii)

N

sin x _ sin(2x—x) . sin(3x—2x)

sin(4x—3x) -

sin(( N +1D)x— Nx)

=] caﬁ[r+1]xc05rx_c052xc05x cos3xcos2xy cosdxcos3x
= (ta}fﬁ%n;)
+ (tz:ﬂ.]x\—tEm x)
+ (t}mx—\ 3x)
+ (tan(‘irmx—\t}'&l}x

+ (tanamml)x
+ ({tan(V +1)x—Tan Nx

= tan( N+ 1)x—tan x
(iii)

sin x

J3

riT
2cos ? cos

T N
When x N ;cos(r+1)xcosrx

N
r=l1

(r+1)7T
3

3

cos{ N +1)xcos Nx

Thus, required sum = tan {(N +1) (%TH —tan (%TJ = tan[(N +1) ”} -3

(@

]

L D S
20 2(w-1) 18
19

4 4(n2-1)




Pfro: Iz (x2—1 7 dx :}Lifg 1_4(’12_1)2
_1
4
(i) VA [
o~ | >
ile

(iii)  The equation of the transformed curve is y = ox .
(x2 —1) 3
2
. 5 9x 2 .. 3
Volume of revolution = IT_[2 ﬁ —5 dx =3.385 units” (to 3 d.p.)
(x* -1

d (. 1.

(@ @) E(sm 6’—§sm3 Hj
=cos@—sin’ Hcos &
=cos 49(1 —sin’ 9)
=cos 9(cos2 9) =cos’ 8

2
dy _ . 2
—> = —sinxcos” x

2
jx_); = (—sin x) (cos x)2

=%(cosxﬁsos2 x) +C
=%(cosx[@l—sin2 x)) +C

I%(cosx—cosxﬁinzx)+c




(b)

. 3
y=l sinx—Sln d +Cx+D
3 3

Whenx=0andy=0,D=0

When x =0 and Q=l+£, C:E
dx 3 T

I . sinx | 2
y=—|sinx— +=x

3 3 T
V= o (1)
dv 2 dy
— =2xy+tx — - 2
o 2)
x4 2y drty =0 (3)

dx
Zdy 2

(3) x x, x a+2xy+4x y(x) =0-ermemv 4)

ﬂ +4vx =0
dx
v =—4yx (Shown)
dx
Q =—4yx
dx
1
I—dv = —4jx dx
%

ln|v| =-2x> +¢

_n.2
v:+62x+c

_n,2
v=Ae " , where A = +¢€

2 _ 4 o-2x?
x“y=Ae "

Given that y =% when x=-3,

(-3)° Gj = Ae™"

A=3e"




y= 2
1 2
(i) L:r=1|+A]0[,A00
0 1
0 -1 1 -1 1 0 0
AB=|0|-| 1 [=|-1]|;AC=|3 |-| 1 |=| 2 [;BC=|3 |-|0]|=| 3
2 0 2 -3 0 -3 -3 2 =5
1 1 -1
A normal to the planeis: | =1 |X| 2 |=]| 5
2 -3
-1 0) (-1
rll 5 |=|0|I5 [=6
3 2)13
Thus an equation for 1, is —x+5y+3z=6. (shown)
(ii) Let N be the point of intersection between the line and the plane.
1+24
ON=| 1 for some A O[]
A
Since N lies on the plane,
1+24) (-1
1 51=6=>4=2
A 3
Thus, coordinates of N are (5, 1, 2).
(iii)  Let the foot of the perpendicular from P to the plane be denoted by F.

1 -1
Lyp:r=|1|+u 5 |, x00
0 3
1=pu
Since F'lies on [, OF = 1+5u | for some [
3u
11—\ (-1
Since F lies on the plane, | 1+5u 5 1=6
3u 3
Solving, ,Llzi

35




Vs

oF =| %
%s
Let the reflection of point P in the mirror be P’.
Vs
By the midpoint theorem, OP' =20F —OP =| 1/,
Vs
5 3%5 14435
A direction vector for the reflected lineis | 1 |—| 4 [=| =% |= %
2) \%s) %

Thus, an equation of the reflected line is:

5 72
[:r=|1|+y|-10|,y0O0
2 29
2) (-1
Since [, is parallelto [1,, | 0 [ 5 [=0=>a=—
a)l\3
0 1 -1
O-|B|=|-8B
2 2 0
-1) (-1
_ﬁJ 5
0 3|

Since the distance is 14 14
V35| B35 J35

1-58=14

Solving, B = —? (rejected) or =3

Y P(X=x)=1=02+a+b+045=a+b=035 ... (1)

all x

-1 L —4p(X =)=k
E(|x 4|)_110:>Z|x 4P(X =x) m

all x

32(0.2)+a+0+0.45:%

=a=0.25and »=0.1




P(required) =P(X,=2,X,=2)+2[P(X,=2,X,=3)+P(X, =2,X, =4)]
=0.2x0.2+2[0.2%0.25+0.2%0.1]

=0.18

(i) Let X be the random variable “number of damaged mangoes out of 21 mangoes”.

X ~ B(21,0.045)
P(X <3)=0.98673=0.987 (3 s.f.)

(ii) Let Y be the random variable “number of boxes of mangoes out of 12 boxes
which are of low standard”.
Y ~B(12,1-0.98673) = Y ~ B(12,0.013268)

P(Y>2)=1-P(Y <)
=1-0.98936 = 0.01064 = 0.0106 (3 s.f.)

(iii) P(required)=P(X <5 | box is of low standard)
=P(X <5|X >3)
_P(X<5nX>3)

P(X >3)
P(X =4)+P(X =5)
1-P(Y <3)
_0.011219+0.0017975
1-0.98673
=0.981
(a)()
7! x*C, x 5!
Required probability = %
e
99
(a)(ii)
! !
Required probability = %
_
198
. - ( 0- )v x2|
Required probability = ( )
1

55




13
(AlB)—%
P(AnB) 13
P(B) 20
P(AmB)—%(§j=§ (or 0.26)

7 2 13
= — 4+ — -
10 5 50
= 2 (or 0.84)
5
(b)(ii)
Since P(Al B) # P(A) , therefore events A and B are not independent.
Alternatively,
) 13 7 2 7
Since P(A N B) =— and P(A) XP(B) =—X—=—#% P(A N B) therefore events A
50 10 5 25

and B are not independent.

(¢

Probability of winning the game

_2 2(3} 2(3)2
+= = |+

"9 9l9) 9lo

%

—

O |w

W | =

(i) Let X be the random variable denoting volume of the randomly chosen iced coffee
bottle in ml from Machine A.

2= 24965 _ 1993
50

Unbiased estimate of population variance

s2=LZ( )-@(ﬁj_ﬁnmw 7.45
n-1 49( 50 ) 49

H,: x4 =500
H, : 4 # 500
Two tailed Z test at 2% level of significance

Under H, since the sample size of 50 is large, by Central Limit Theorem




7.4489

X ~ N(500, ) approx.

From GC, p-value = 0.06974> 0.02

Conclusion: Since the p-value is more than the level of significance, we do not reject
H, and conclude that there is insufficient evidence at 2% that the mean volume is not

500ml.

(ii) Let Y be the random variable denoting the volume of a randomly chosen iced
coffee bottle in ml from Machine B.

Unbiased estimate for population variance = 2—8(42) =16.232

HO : /'[ = /'[()

H,: <t

One tailed Z test at 2% level of significance

Under H, , since the sample size of 70 is large, by Central Limit Theorem

7~ N(,Uo, 16.232

j approx.

_489.1- 4,
et 16.232
70

Value of test statistic, z

For H,to be rejected,
p-value < 0.02

BTt o 5 053748911
16.232
70

M, =490 (to 3 s.f.)

Let X denote the random variable representing the amount of time a randomly chosen
junior college student spends on mobile phones each day.

O X~N@34, &)

P(3<X<3.8)=0.341

P(3—3.4 <7< 3.8—3.4j 0341

ag ag
P(ﬂ <Z <%j =0.341
ag ag
- P(Z< —0.4)21—0.341 03295
g
-0.4

From GC, —— =-0.4412942379
g

= 0=10.90642 = 0.906 (3 dp)
(i) Probability required = (0.341)*
=0.0135 (3 sf)




(ii)

(1ii)

(iv)

Probability required =P(X1 + X2 + X3 <2Xy)
=PXi + X2+ X3 -2X4<0)
X1+ X2 + X3 — 2Xu4 ~ N(3.4x3 — 2x3.4, 0.90642°x3 + 22x0.90642?)
re. X1+ Xo+ X3 -2X4 ~N(3.4,5.75118)
U From GC, (X; + X2 + X5 — 2X4 <0) =0.0781 (3 sf)

Assumption: The amount of time spent by a randomly chosen student on
mobile phones is independent of the amount of time spent by another
randomly chosen student.

. 2
<. N(3.4, 0.90642 j

50
From GC, P(? > 3.5) =0.217663

Since expected number of samples with mean time exceeding 3.5 hours = 15,
then 0.217663 x N =15
= N=68.9=69

10

(@

(ii)

(i)

b2
L

[ ]
s

-]

The phrase ‘random sample’ means that every 50-year-old Singaporean woman
has an equal probability of being included in the sample.

r=0.988 (to 3 s.f.)

Although the r-value = 0.988 is close to 1, the value is not 1 so there may be
another model with |r| closer to 1.

Hence a linear model may not be the best model for the relationship between x

and y.

v
&

(1100, 2.1)
X

N (700, 0.13)

4

(iv)

(v)

Y
]

0 v 700 800 800 1000 1100 1200

Using the GC, when P =3, r =—-0.995337 (to 6 d.p.)
When P =3,

r| is closest to 1 and thus, P = 3 is the most appropriate value.

When P = 3, using the GC, a = 3.2446 = 3.24 (to 3 s.f.)




(vi)

b=-0.0030988 = —-0.00310 (to 3 s.f.)
When y=1.8, and P = 3,

In(3-1.8) =3.2446 —0.0030988x

XxX= 988

Thus, the recommended daily calcium intake is 988 mg.

Since the r value is — 0.995 is close to — 1, there is a strong negative linear
correlation between In (P - y) and x. Also since the value of y = 1.8 is within the

data range, thus, the estimate obtained is reliable.

The value of P is the maximum percentage increase in bone density achievable

as the daily calcium intake increases.

— End Of Paper -
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