13

5 With reference to the origin O, three points A4, B and C have non-zero positid

I

-9
1 Use the substitution u =/x to find the exact value of | — — dy [4]
 x{2Vx 1)
2 (i} Given that a is a positive constant, sketch the curve with equation y = ra State the equations of
X—a
any asymptotes and the coordinates of the points where the curve crosses the axes. {3]
(i) (2) Solve the inequality "% 1. 2]
X—a
(b} Solve the inequality H I
a
) ot -1,
3 (i) By considering ( 2)’ - for r>2, find an expression for Z——r— in terms of n. 3]
Fr—szp  rl r=i ¥
x 2 _ _
(i) Give areason why the series Zr—{— converges and write down its valpe. [2]
r=1 r.
(iti) Show that Z <1 for all vatuesof n>1. 2]

r=| rﬁl)’

Water is poured at a rate of § cm’ per second into a conical container with base radius 8 cm. The semi-

vertical angle of the cone is @, where tan# = 0.4. At time ¢ seconds after the start,
surface is x cm (see diagram). Find the rate of increase of the depth of water when

[The volume of a cone of base radius » and height /1 is given by ¥ = %:rrzh J

respectively, such that a+ b+e¢=¢.
(i} Showthat axb=hxec.
(i) I Z40B =180, describe the geometrical relationship between the points A
Itis given instead that 0° < /AOB <90 and LBOC =2-40R.
(i) By considering the magnitudes of the vectors on both sides of the equation

(a+2¢).{a-2¢)<0.

www.testpapersfree.com

the radius of the water
the depth is 10 em.

(7]

n vectors a, b and ¢

[2]

Band C, (]

in part (i), show that

(4]




The points 4, B and C lie in the plane p which has a normal parallel to the unit vector n .

(iv) Given that p has equation rn = £, state the vatue of &. Justify your answer. [1

A sequence u,,u,,1;,... 1S suchthat », = Au + Br+C, where 4, B and C are constants, 4#0 and
nzl. Itisgiventhat u, =4.

30
(a) (i) If A=1and B=0, find the value of Zu, ir terms of . [3]
r=11
(i) If instead the sequence is a geometric progression, state the values of B and C, and find the
inequality satisfied by 4 such that u,, > 2000. [3]
(b)  Given instead that u, =16, w, =70 and u, =334, find u. [3]

The function fis defined by f:x> ] ! -, Xxe R, 0<x <& where £ is a real constant,
+x°

(i) Show that f has an inverse. ' (2]

(if) Findf '(x) and state the domain of £, [3]

It is further given that & < ] l
+

F

(iii) Sketch the graph of y ="' (x}. Your sketch should indicate the position of the graph in relation to
the line y =x. [3]

(iv) Deduce the number of solutions of the equation f(x}=f"(x). 1]

(a) The complex number w is given by w=re” , where 7 >0 and 0 <@ < %

(i) Giventhat = :(l fi\"S‘)w, find |z| interms of r and arg(z) in terms of 6. (2]

2

Z
(i) Given that (—) =361, find r and all possible vatues of 2. [5]

]

t

(b} Theequation =° + pz* +17z~13 =0, where p is real, has a root z =2 +gi where g is a real positive
constant. Find the values of p and ¢, showing your working,. [5]

[Turn Over
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10

11 A curve C has parametric equations

The diagram above shows a plan view of a livestock enclosure, ABCDEA, consist
Joined to an equilateral triangle BFA4 and a sector of a circle with radius x metres 4
B, F and E lie on a straight line with FE = x metres.

()

To ensure sufficient living space is given to the livestock, it is desired to have the

Find the exact area of sector FE4, giving your answer in terms of x and in 4

ng of a rectangle BCDE
nd centre 7. The points

simplified form.  [2]
area of the enclosure as

1000 m*. At the same time, to save on the cost required for fencing the enclostre, the perimeter of the

enclosure, P metres, should be made as small as possible.

(i)

(iii)

M

(if)

where 0<t< % The line / is the normal to C at the point where ¢ = gﬁ

(1

(ii) On the same diagram, sketch C and /.

(i)

Show that

_ 1000 x

P +T2~(47:+36—3\/3).

X

Use calculus to find the minimum value of P, giving your answer to one de
further differentiation, that the value of P you have found is a minimum.

Find J; dx, given that Ostl.
2+x—x

o]

The mass, x grams, of a substance, X, present in a chemical reaction at tim
differential equation

& @rx-a)
di
! . L ! dx !
where 0<x<-—and & is a constant. It is given that x =— and — =__
2 2 & 9

(2) Find ¢interms of x.

[4]

cimal place. Justify, by
[6]

[3]

£ { minutes satisties the

whgns=10

[3]

(b) Find the exact time for there to be none of the substance X present in the chemical reaction.

(l

The mass, y grams, of another substance, Y, present in the chemical reattion at time ¢ minutes

dy

. . . . & L
satisties the differential equation -—;V =—— . Itis given that y =0 and
dr® 1+1 dt

(¢) Findy interms of z.

x=3cost—cos3s, y=3sinf—sin3s,

Find the equation of /.

Find the exact area of the region bounded by C,  and the y-axis.
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=0 when +=0

[5]

(31
[2]
[9]
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2021 JC2 H2 Mathematics Prelim P1 Solutions

I u=-Jx
du 1
dx  2Jx
whenx=9, u=3
whenx=1, u=1
9
I dX*jJ I 2u du
, x(2dx 1)  ut (2u-1)
3
yu(2u-1)
3
= “—2+ du
v ¥ 2u-1
={-2infu]+ 20|24 1T
=-2In3+2In5
=2]n[i]
3
23 i
(i) Y
Pl T
.0} >
0,1 \
2(iD .
h
(a)
From the graph,
O<x<aorx>a y=r 0 L TS~ L
(“a’OJ x=da .; !
2(ii)
()
From the graph, "
xX<—agorx>a J,‘ 4
,,_;_c____-_k,,n____..,:_A,n_ e T
E : »-x
0,1
x=-q ! \
%é X=a
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3(1) 1 1 r(r~])—l f'z—r—]

(r—Z)!_r_!_ r! Y

H H

Fior—1 1 1Y 1-1-1
Z_r!_-_;[(r—2)!mr!J+ T

r=1

3(i) 1
As now, -— —0and —0
(n - ])! n
H 2
Fo—r—1 .
" Z-——!—% 1, afinite value
r=] r
2t —r =1
converges
r=I F
i —r -1
sum to infinity = ;T =1
3(iii) L 2

2
=2r ir“ —F =7
r! - r!

7

Fror—1 r o1
<ZM ( ;>; forr>1

ri

Z(r:lz!:i:r

r=1 r=|

Note to tutors:
In recent years, A level phrasing of 3(ii) is “Give a reason why the series converges and write down the

value of the sum to infinity”. With such phrasing, Cambridge expects students to write “sum to infinity
=__ ”(See report below).
NO7/1/2

{ili) Adequate answers to this part were rare. Many candidates seemed to be unable lo think of

convergence of series that were not geometric; answers such as ‘it converges because 4 < 1

werg common.  Nor is it comrect to say that # converges because the terms decrease, as is

S s ey o

disproved by the harmonic series. |
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Let the volume of water in the cone be ¥ cm®at time ¢
seconds, when the depth is y cm.,

I
]‘ 20 -y
|

tand = ﬁ: h=20
h
v :%7{(82)(20)—%31(33)(20 -},

; X
Since tanf=——

20—y’
12807 1 2
Vo= ——| 0.4(20— 20—
37L04(20-y)] (20-5)
212803_0.167:(20_}))3
3 3
d dv 2dy
—: —=0.167{20~ ) =
dr dt ﬂ( y)dt
d¥
Wheny =10, — =8,
eny & 8
8=0.167(10) &
dr
b _0.159
dr

Depth of water increases at 0.159 em per second.

3(i) a+tb+c=40
(a+b+c)><b:0xb
axb+bxb+ecxb=0
axb+0+cxb=0
axbz—(cxb)

=bxc¢

5(ii} | 4, Band C are collinear (lie on a straight line).
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5(ii1) | axb =bxe (from part (i))
]a”blsin ZAOB = |b”c[sin ZBOC

la|sin ZAOB =|c|sin (2240B) (since |b] #0)
= 2e|sin ZAOB cos LAOB
|a| = 2|e|cos £40B (since sin Z40B = 0)
0=’ —4Jef" cos? £40B
la|" = 4|e| cos® 2408

(a+2¢).(a—2¢)
=a.a+(2¢).a—a.(2c)+(2c).(2¢)
=[af" —4jef

= 4|(:|2 cos’ AAOB—4|C|2

= 4|1:|2 ((:-052 LAOB—I)

=4[ (—sin> £Z40B) <0 (-|¢ > 0 andsin® ZAOB> 0

5(iv) | k=0 since the origin (is in the plane p.

6(a) | A=1,B=0 = u,_ =u,+C = AP

(i) 30 50
Z:”u, =“?(u“ +1t54 )
=10(4+10C +4+29C)
=80+ 390C

(it) GP=>u,,, = Au, forallvaluesofn . B=0,C=0
Usy > 2000 = 4(4)” > 2000

il
= 4 >5001°
= 4>139

)] M, =Au, + Bn+C

n=1: l6=244+8+C

n=2: MW=164+28+C
n=3: 334=704+3B+C
FromGC, 4=5, B=-06,0=2
Soug =5u, —6(4)+2=1648
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(i) ,

(0.1) [k, % J |

|

Every horizontal line y = k cuts the graph of y=1x)at
most once. Hence fis one-one and the inverse of f exists.

7 (iD)

:f Xl=
y=1fix) i
LI
Y
¥ :l—l
Y
N . /1 .
x= |—=1 -rreject — |——| sincex >0
¥ ¥
f ' (x)= l—1
X
domain of ! = %])
l+%
7 (iii)
Y y=x
(01} Fry=it -~
. - ‘,"/ H
o] W&
T y=1{"(x)
0 X
| (£.0)

7(iv) | Since y=f"(x) do not intersect the line ¥ =x, it will not
intersect y = f(x) too, hence no solutions for
f(x)=f"(x).

Alternative:

Since the domains of fand ' are different, there is no
solution for f(x) =t (x)
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82) | are(s)—arell- i3 bt ara(sn
@) arg(z) arg( h/;)+arc(u) IZf :|1 4«.6“11-‘]
--Zio =2r
3
8(a) 2V
(n arg[ ] :4arg(z)f23rg(z ) ar0(36i)=£
z = 2
= darg(z)+ 2arg(z)
=60+2kn kel 36| =36
=4p?
Hence, 49" =30=r=3 .
60+ 2kr =2
2
= m-dkr
12
For 05955, we have &k =-1, 0, givingus &= S—” Z
2 12 12
8(b) | Since pis a real value, by conjugate root theorem, 2 —gi is also a root.
(;"—(2+c_)'i))(z~(2—qi))=z2 74z+4+q2
Let the third root be v, We know that v is real.
33+p22 +I7Z——]3=(z2 u4z+4+q2)(z—v)
Coefficient of 2% —(4+ 4% ) =—13 —()
Coefficient of z: 4v+ 4+ ql =17 qz =134y --(2)
Sub (2) into (1), we have
(17-4v)v=13
4° —1Tv+13=0
Gv—IDNv-1H=0
13
v=— or v=1
4
. 13 . . I3
However, if v= e sub into (2), gives us g =0. Hence, v ;tTand v=1.
Lz pzt +]7z—l3:(z2 —4z+4+q2)(z—l)
P hpr +17z-13=2" =57 +(g* + )z —4—¢°
Hence, p=-5 and ¢g=3.
9} | Angle AFE =180 —60" =120

Area of sector FEA = @nxz = lmcz
360 3
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9 (ii)

I 1
total area = ;xz sin60” + BC (2x) + Eyrxz

NP

2x(BC)=1000 = x* —-?;erz

4
PRNELU
x 8 6
Poxi 0 V3 7 204+ (27%)
X 3 3
1000  x

=——+¥(4ﬁ+36ﬁ3\/§)
X 12

9 (iid) £=_1000+$(36—3\6+4z)

dx x°
dar 1000 1
=0 = =—(36-33+47
dx x2 Iz( )
x=16.634
P=1202
d’pP 2000
FEEN
2
When x = 16.634, E;:ﬂqu>
dx?  16.634

. minimum P =120.2

10
(i} J 1 dx
24+x—x

= ——— dx
)
—_—— x__
4 2
1
= om2N 2
23 i—.7c¥l
(3) [l
:lrn(]”)+c xS~l-
3 \2-x 2
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100i1) ] 1 ix__kl
(a) leenx—i, TR
i b
*g—k(z'i-f—z)
9 1 1
ﬁzk——zjkzgg
dx !
— =2+ x~x
dt 9( )

J%dxxj—ldt
2+x—x 9
—lt—l!n(HX +C
9 3 2—-x

z——sfn(]”]w

- X

Whenr:O,xzé, L0=-3Inl+C=C=0

r=~3ln[1+x)
2—x
10(b)

[
- At x=0, t==3In| = |=3In2
{ii) * [2J

100) | ¢y 1
O T

Qr]n]t+l|+€
f
=hir+NH+C i1 +121>0

Whenr:O,j—y:0:>0:!n(0+1)+C¢C=0
1
dy
—=In(t+1
i n(z+1)

y={n(+1)dr

:tln(t+1)>jL dr

t+1

=r1n(z+1)—j1—L de
t+1

=t +D)-t+In(t+H+ D
When t=0, y=1, D=0
Hence, y=(¢t+1)In(r +1}—¢
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11()

Eliﬁ 3cosf—3cos 3t
dx —3sint+3sin3s

Wheﬂ[:ﬂ,xzé :J\E d_y—_\/g

0

3 27 2 Tdx
Equation of normal: y—"\/gzﬁ x=2 y=-\/—§x+%\6
2 3 2 3 3
LI | (i) 4
d V32
y*—*—x+»\/§
0.4) 3 3

/{42,0)0 (2, 0) ™
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[
(iii)

(iif) Point of intersection (2

33
2

Area

= me dx —area of trapizum

_j "(3sint— sin(32))3(—sin¢ +sin 3z) df—m(—JL J
_[ (=3sin’ ¢ +4sinssin(31) - sin (3;)) d,_g(_}(n\/—)
j ( (CQSZI J 2(cos4t—cos2t)+%Jd mg—jﬁ

J (—2+ c052t~2c054t+0036tjd ——\f

. . %
—2t+—s 2t_251n4t+sm6r] _ﬁﬁ
4 24

12 s
27 7 \E 65
=32 ! B nl-B5
[ T ”)J 21
=g+= f
or
Area
jx/x dy +area oftrlangle
Find ~ . . l 5 3 2 ,‘.
- J/ (3cost—cos(31))3(cost —cos3t) dr +5(EJ(§I_E\/;J

5
J- 3cos t —4costcos(3)+3cos” (31)) dt+§4— 3

=3[ ( (Cosz”i] 2(cos4x+coszr)+&sg‘iler+§\/§

j (2——cos2t—2cos4t+ ;61) dt+§\f3_’

: %
2sin 4t . 5111126t] +£5—\/§

(22 {3 B 25.
”'P?fﬂiﬂ*?ﬂ}azﬁ

=n+:§\/§

=3|2r —w]—sm 21—
4

Il
)
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Section A: Pure Mathematics {44 marks]
The function f'is defined by

frxIn(2x+1)+5, xe]}@,x>—%.

1

(i) Sketch on the same diagram the graphs of y=f (x) and y:m, givin
X

g the equations of any

asymptotes and the coordinates of any points where the graphs cross the axgs. [6]
(i) Describe a sequence of three transformations which would transform the turve y=In(-2x) onto
the curve p =f(x). [3]

A curve C has equation y* +k(x —3)2 =4, where £ is a real constant.

(a) Sketch, on separate clearly labelled diagrams, the graphs of C for both &
terms of £, the coordinates of any points where the curves cross the x-axi
asymptotes and the coordinates of any points of intersection of the asymptots

(b) Assume now that 0 <k <1.

(i) The region S is bounded by C and the lines x =3 and x=4. Find the

revolution formed when S is rotated about the y-axis through 1807, givi
of k.

. . 1 .
The curve C is stretched with scale factor Py parallel to the y-axis to form th

-

(ify Without integration, state the volume of the solid of revolution formed w
by Dandthelines x=3 and x =4 is rotated about the x-axis through 1§

>0 and £ <0. State, in
s, the equations of any
s and stationary points,

(51

volume of the solid of
Ng your answer in terms

[3]

e curve ).

hen the region bounded
0°, giving your answer

in terms of £. [1]
(a) Expand d+x in ascending powers of up to and including the term in x° [3]
X, i - 3
V4 —x
State the set of values of x for which the expansion is valid. [1
(b) ltisgiventhat y=In{l+sin x).
d’y dy

i) Show that (I+sinx)—=+{cosx)—= = —sinx . 2
(ity By further differentiation of the result in part (i), find the Maclaurin deries for y, up to and
including the term in x°. [4]

1-sinx

(1ii)

Hence deduce the Maclaurin series for En(
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], up to and includiy

g the term in x°. [2]




0 1 1
The planes p, and p, have equations r=| 3 J+ 4] 3 [+4| 0| and 4x+ v+3z=1 respectively, where
-5 -2 i

A and 1 are parameters. These two planes meet in the line /.
(i) Show that p, is perpendicularto p,. 2]
(if) Explain why / passes through the point (1,0,4) and find a vector equation for /. (3]

(i) The points 4(0,3,-5) and B(2,2,-3) lie in p, and p, respectively and the point B is the

reflection of point B in the line /. Find the exact area of triangle AR’ . I5]
o
A third plane p; has equation r| 3 {=-9, where a is a constant. The point ( lies in all three planes J2R
]
p,and p,.
(iv) Explain why ( lies on the line /. [
(v) Hence or otherwise, find the coordinates of Q, showing your working, [3]

Section B: Statistics [56 marks]

Find the number of ways in which all twelve letters of the word MISSPELLINGS can be arranged if
(f) both the I's are placed at the beginning and both the L’s are placed at the end, [1]

(ii} between any two Ss, therc must be at least 4 other letters. [3]

A group of 8 letters is randomly selected from the letters of the word MISSPELLINGS.
Find the probability that all 8 letters are distinct. ' [2]

A scientist is interested to study the behaviour of raccoons,

N boxes are placed in a room with exactly 1 of them containing food. Alex, the raccoon, will randomly
open one of the boxes to see if it contains food. It will stop once it finds food, else, it will randomly open
another box until it finds food. You may assume that Alex is trained such that it will not attempt to open
the same box more than once. Let X be the number of boxes that Alex opens.

(1) If ¥ =3, determine the probability distribution of’ X, (2]
. (N-1)(~v +1)
(1) State E(X) and show that Var (X ) :T. {4]
o mlrn+1)2n+1
fYou may use the result Zr‘ = (—L(——) ]
r=1
[Turn Over
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7 Forevents 4, Band Citis given that P(4)=0.8, P(B)=04, P(C)=c and P(HUB)=095.
(i) Find P(A N B) and determine with reason, if events 4 and B are independent. [2]
(i) State the range of values of ¢ which necessarily implies that events 4 and C arg not mutually exclusive.
[1]
It is now given that P(C)=P(C| A)=0.45.
(iii) Find P(4NC) and state the greatest and least possible values of P(ANBNC). [3]
8  (a) Therandom variable ¥ has the distribution B(n, p) with mean 2.75. Given that P(¥ < 2)=0.13122,
find the value of # and the value of p. [3]
(b) On average o% of the residents in a city use the bicycle-sharing platform,
ShareBike. A sample of » residents is taken and the random variable ¥|denotes the number of
residents in the sample who use ShareBike.
(i) State, in context, two assumptions needed for X to be well modelled by a binomial distribution.
[2]
Assume now that X has a binomial distribution.
(ii) Giventhat n=45 and a=8, find the probability that at least 9 but no} more than 13 residents
use ShareBike. [2]
(iii) Tt is given instead that » =12 and the modal number of residents who use ShareBike in the
sample is 2. Use this information to find exactly the range of values that a can take. [4]
9 A factory supplies beans in small cans. The mass of one can of beans is denoted by X grams. A random

sample of 40 cans of beans was taken and the masses are summarised as follows.

(1)

(ii)

(iii)

(tv)

The factory also supplies frozen corn in packets. The mass of a randomly chosen p
a normal distribution with standard deviation 12 grams. The factory claims tha
packets of frozen corn is 380 grams. However, a random sampie of 15 packets of 1
the mean mass of the sample is found to be 375 grams.

(v) Given that a one-tail test at the & % significance level concludes that there is
reject the factory’s claim, find the set of possible values of « .

D(x—425)=-136 and 3 (x—425)°=4927.5

Calculate unbiased estimates of the population mean and variance of the mas

Test, at the 5% significance level, the claim that the mean mass of a can of H
should state your hypotheses and define any symbols you use.

State, giving a reason, whether any assumptions about the population are nee
to be valid.

Explain, in the context of the question, the meaning of ‘at the 5% significanc
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s of cans of beans. 2]

eans is 425 grams. You

[5]
ded in order for the test
[1]
e level™. [1]

acket of frozen corn has
the mean mass of the
Tozen corn is taken and

insuflicient evidence to

[3]




10 In this question you should state clearly all the distributions that you use, logether with the values
of the appropriate parameters.

A certain bakery bakes two types of cookies; butter cookies and chocolate cookies. The masses of butter

cookies have the distribution 1\1(15,0.42 ) and the masses of chocolate cookies have the distribution

N(ZO, 1.22). The units for mass are grams.

(i) Find the probability that the mass of a randomly chosen butter cookie is more than 15.5 grams. [1]

(if) 10 butter cookies are randomiy chosen. Find the probability that at least 4 of them each has mass
more than 15.5 grams. [3]

The cookies are sold by weight. Butter cookies cost $6 per 100 grams and chocolate cookies cost $7.50
per 100 grams,

(iii) Miss Lee bought 12 butter cookies and 12 chocolate cookies for her family. Find the probability that
she paid less than $29. 1

(iv) State an assumption needed for your calculations in part (iii). [1}

The waiting time, 7 minutes, before a customer is served at the bakery has a mean of 16 minutes and a
standard deviation of 9 minutes.

(v) Give a reason why a normal distribution, with this mean and standard deviation, would not give a
good approximation to the distribution of 7. ']

(vi} The waiting times of » randomly chosen customers at the bakery are taken, where # > 30 . Given that
the probability that the average waiting time of these 7 customers is between 16 minutes and 18
minutes is more than 0.48, find the least value of ». [5]

[Turn Over

www.testpapersfree.com



2021 JC2 H2 Mathematics Prelim P2 Solutions

1()

e —1yd

y=1(x)

1 (i)

Inthe equation y =In{-2x}, replace x with (-x) gives us y=In (2x).
First, reflect the graph of y = ln(—2x) in the y-axis.

. . .
In the equation y =In{2x}, replace x with x+ 5 givesus

y=In{2x+1). Next, translate the graph of y = In(2x}), —; units in

the negative x-direction.

In the equation y =In (2x + l), replace y with y—5 gives us
y=In{2x+1)+5. Lastly, translate the graph of y =In (2x+1),5
units in the positive y-direction.
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2(a)

k>0
v G
2 ()

N (3.2)

O /\ |

2z (3.9) ( 5}

(3 7 OJU 3+ﬁ,0
(37'2)
k<0
¥ =(-k)(x-3) =4
vy
22 2 )2
&
y 4
y=\/—_k(x—3)
\\\\ (3‘2) /”’
O \\\\\ ’,’// -x
,,f’@,bj\ !
/”/ 3‘_2) \\\
g N =k (x-3)
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(b) Volume
O wf | 4-k(x-3) | ax

(ii} Volume
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3(3) 4+x2 2 -
={4+x){4-x)2
4—x ( )( )
. _t
2 2 X3z
=4 4+x }1-=
(=3
).
=—-(4+x') I+(tlj(-£ + 2 2 (—E)
4 21 4
——(4+x2)(1+£+—x2 )
8
1( I3 .
=—| A+ —xtomxT T+
2 2 3z
=2+—x+J—5x2+...
4 64
expansion is valid for
M
4
= -4d<cx<d
cfxeR:i-4<x<4}
3-(b) Exi COoSX
O | dv Tisinx

.. .oad
Ditferentiating {1+sin \.‘)Eii =COSX W.It X,

. 'y d .
(1+sinx) :ilxi +cosx—&§:—smx (shown)
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3(ii) | Differentiating w.rt. x,
2 3 2.
cosx {;+(1+sinx)d—};-—sinxd—y+cosxd Y cosx
X dx dx dx”
When x=0,
y=In(t+0)=0
dy  cosO _
dx  1+sin0
d*y
(i+0)gx7+l=0
d*y
o
d’y
(1)(—1)+(l+0)E—(O)(I)+(])(4):—1
d’y
w
_ (_1) 2 (]) 3
y—0+(1)x+—~2~!—x +?r«x +...
2 1 3
=X——x"+-X 4.
2 6
3(idi —si
@) ln[] Szmszln(nsin(—x))ﬁlnE
=024 (—x) = (=) 4 L)
2 6
=-In2-x——x"-=x*+
AW 1Y (1 (3 ~1
Anormalto p is| 3 [x|0|=[-3|==3| 1
-2 i -3 1
4
A normalto p, is | |
3
-1y (4
Since t 1 1|1 |=—4+1+3=0, p, is perpendicular to P
1 3
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(i)

Show (I,O,—l) lies on /.
-1
Equationofpris r-| |
l

=-2

I —1

Since | 0 l [==1+0-1=-2, (1,0,-I) lieson p, .
-1 1

Since 4(])+0+3(—1)=1, (I,0,~l) lieson p,.

Since (],0,—]) lies on both planes, it lies on /.

Find equation of line

—1 4 2
Line/is paralletto | 1 [x[ 1 |=] 7
1 3 -5
] 2
Equationof/:r={ 0 +t[7 ,teR
-1 =3
Alternative #1
-1 03—
por| 1 l=] 3 ] = pimxty+z=-2 ———(l)

Py idx+y+3z=1

---(2)

Solving (1) and (2) simultaneously. by GC, equation of /-

AN

r= _% +5 _75 ,se R
0 1
ANE

r= —% +i -7 LreiR
0 5
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(iii)

Let " be the point (E, g, w}) on [ and F be the foot of perpendicular of

Btol

BC =

BF ={ BC.

(Bc .n

e Iy

2
2
-3

n

]%—l , where n, is a normal to p,
n
1

n
Jn

-1

BA=04-0B=] 3 |-

[

-1

1 1
2
2

=1
-2

-5 -3

Area of AABB' =2x (Area of AABF)

_2><H|BA><BF
2Y (-1 3
=1 x% ! :% 4
) 1 -1
:\/?%_6 units
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Alternative (finding BF using E:F—)

2 1 1
CB=| 2 (-] 0o]=] 2
-2
CB.| 7 7
cF >
S 4+49+25
2 2
= 7 7
-5 -5
2 1 -1
B_z_ﬁ*—ﬁ;l'f—z:%_l
-5 -2 i
(iv) | Qlies py and ps, hence Q lies in the line /.
(v) 1 2 a
O+t 7 1.3 (=—9
-1 -5 1
a-1+(2a+16)1=-9 {(*)
Case 1: If a=-8, (*)is true for all values of .
e - g y.__a+t8 _ 1
Case2:Ifa=-8, ¢ 2a+16 5 -
i 2 0
- _1 |-
r=f 0 +( 2) 7 3.5
-1 -5 1.5
In both cases, we have (0, —3.5,1.5) lying on both /and p,.
Hence, coordinates of O is (0. -3.5,1 .5) .
& Number of ways :§—:
20
= 6720
Si Different cases: SXXXXSxxxxxS, SxxxxxSxxxxS,

xSxxxxSxxxxS, and SxxxxSxxxxSx.

9!
Number of ways = 4xﬁ

=362880
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QC] e SC] X ZC] » SC_,)
]2C8

P(ali 8 letters distinct) =

_ 4

165

Alternative
P(all 8 letters distinct)

IR

_ 4
165
6i i
P(X=1)=—
(x=1-
P(X=2)=2xti=l
3 2 3
] .
P(X:})Z—E"X—Xl :l
32 3
i
— food
3. !
f/\ 2.~ food
2 " No food _ </’/ 1 food
;= N
1 No food *17\\
2 0 ™ Nofood
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o
" (ii)P(sz)=llv,forx:I,2,...,N
E(X):N;] (by symmetry)

OR
. 1 ] 1
b(X):l_+2_+...+N._
N N N
= Ls2ew)
i
1 (N
=— —(I+N
N[2( * )]
N+
2
Var () =E(x)-[E ()]
N 2
=Zx2P(X—x)—(M)
x=| 2
P&, (NHT
=NV
N 2
_ L[ V(N+1)(2N +1) (NH]E
N 6 2
=N+][2(2N+])——3(N+I)]
12
(V+(V -
=
A | P(AUB)=P(4)+P(B)-P(4NB)
0.95=0.8+0.4-P(A[1B)
P{4ANB)=025
A and B are not independent because
P(ANB)=0.25%0.32=(0.8){0.4)=P(4)P(B).
7ii 02<c<l

Think: If P(C)<0.2
then it is possible for

A Cc 4" . This means it is

o still possible for A and C
to not intersect. But when

P(C)>0.2, this

scenario won’t happen!
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7iii

P(ANC)=P(C|A)P(4)
=(0.45)(0.8)
=0.36

Note that P(4 B)=0.25, P(4 B)=0.15

Note that P((A U B)') =1-0.95=0.05 and

P(A'NC) = P(C)- P(ANC)
=0.45-0.36=0.09

Hence,
min (P(4' BNC))=0.09-0.05=0.04 and

max (P(A'ﬂBﬂ C)) = (.09 which occurs when
(ANC)c(4'NB).

Alternative:
Let P (-A' NEN C) = x. Note that

PANB)=0.25, P(ANB)=0.15 and P(ANC)=0.36. We also

know that P((AUB)’) =1-0.95=0.05. Using these to filt up the

venn diagram below:

Since all probabilities are at least 0
and at most 1, we must have

Tt max value of x = 0.09

and

w=min value of x = 0.04
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8(a)

B(n,p)
Given: E(X)=2.75 =uap=275 ———{I)
P(X <2)=P(X <1)=0.13122

Method 1:
Using GC:
HORMAL FLOAY AUTH oebi RADIAN MP
PRESS + FUR otbl i
i ¥s 2
ERROR § #1312
ereor | e13sz |
ERROR § %.1342
o esnr | eis
6.993E { 84312
I 6121 | 61332
) 8AB3E | 843z
B.1682 | 1317
81786 | 6.1312
.je1Be3 | 81312
81323 ] & 1212

- LR Y 1 [ RY NN

=3

>
1]
w

Hencen=35

:£=0.55

5

Method 2;
P(X =0)+P(X =1)=0.13122

(1-p) +np(1-p)"™" =0.13122

275 2
From (1): (I-p) » +2.75(1- p)$_l =0.13122

HORMAL FLOAT BUTO a*bi RAGIAN MP
CALC INTERSECT . . .. e

Fromthe GC: p=10.55
275
H=——=
0.55

bi

(1) The probability that a resident uses Sharebike is % for alt the »

residents.
(2} The residents use Sharebike independently.
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bit | X ~B(45,0.08)

P(9<X <13)=P(X <13)-P(X <8)
=0.00843

biii a
X ~B(12, r), wherer =——

100
P(X=1)<P(X =2) and P(X=2)>P(X =3)
12 12 12 12
[ : Jr(]—r)“ <(2]r2 (E—r)m and ( 2Jr2 (l—r ° >[ 3 Jr3 (1—.‘#‘)9
r(1=r)°[12(1-r)-66r]<0 and »* (1-r) [66(1-7) ~220r]>0
Since {t—r)>0andr >0,
12-78r <0 and 66—286+>0
F>— and r<--
13 13
2
g g
13 13
200 300
e
13 13

9(1) |Let w=x—425
- — - 136
X=w+425=425- 20 = 421.6 (exact value)

) ~136)’ :
si=sl = L4275 (-136) JHOST 14400 14
39 40 39
{ii) Let u g be the population mean.
H =425
H, @ g0 =425
Level of Significance: 5%
Test Statistic:
Since 7= 40 is large, by Central Limit Theorem, X is approximately
normal.
When Hp is true, Z = XS;‘QD ~N(0,1) approximately.
/Nn
Computation: p-value = 0.044466 (or z-value = -2.0097)
Conclusion: Since p-value = 0.0445 < (.05, (or [-2.01] > 1.96), Hy is
rejected at 5% level of significance. Hence there is sufficient evidence
to conclude that the mean mass of a can of beans is not 425p.

(iit) | No assumption is needed. Since the sample size is large, by Central
Limit Theorem, the distribution of the sample mean mass of a can of
beans, X', is approximately normal.

(iv) | There is a probability of 0.05 that the test concludes that the mean

mass of a can of beans is not 425¢ which it is actually 425¢.
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)

Let ¥ g be the mass of a packet of frozen corn and p, ¢ be the
population mean,
H, 1zt =380
H, :p, <380
Level of Significance: o %
Test Statistic:
Y -380

———~N(0,1)
7

Computation: y =375, p-value = 0.053292 (or z-value = —1.6137)

When Hp is true, Z =

For H, not to be rejected, p-value > %

=0.053292 > %
100

.'.{aeR:O<a<5.33}

10 (D)

Let X'and Y be the masses, in g, of a randomty chosen butter cookie
and a randomly chosen chocolate cookie respectively.

X ~ N(IS, 0.42) and Y~N(20,1.22)

P(X>155)=0.10565~0.106 (o3 sf)

(if)

Let W be the number of butter cookies {out of 10} with mass more than
15.5g.

W ~N(10, 0.10565)
P(W=4)=1-P(W <3)
=0.0155

(iii)

6 7.5
LetS:ﬁ(Xl +...+J¥|2)+1—(E(YI ++Y;2)

E(S)= —(12)(15)+—(12)(20)

=28.8

var(s)= (18 | 020097+ 23] (20029
~0.104112 (exact value)

S ~N(28.8,0.104112)

P(S <29)=0.732
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(iv)

We assume that the masses of cookies are independent of each other.

Note: It is insufficient to say that “mass of a butter cookie is
independent of the mass of a chocolate cookie™. This is because for the
12 butter cookies bought, we also need the condition that the mass of a
butter cookie is independent of the mass of any other butter cookie.
The same goes for the 12 chocolate cookies bought.

)

Suppose 7 follows normal distribution i.e.
T~N(16,9)

P(T <0)=0.037720

which is not insignificant and time taken cannot be negative.
Hence a normal distribution, with this mean and standard deviation,
would not give a good approximation to the distribution of 7.

Alternatively,
Due to the empirical rule of normal distribution, we would expect
approximately 95% of the data to lie within 2 standard deviation

from the mean, 16+ 2(9) have a range of values from —2 to 34.

This would mean a non-negligible/significant 2.5% will have values
below -2, which is impossible as time taken cannot be negative.

Hence a normal distribution, with this mean and standard deviation,
would not give a good approximation to the distribution of 7.

(vi)

Since n > 30, by Central Limit Theorem,
9‘7

T~N ('1 6, —} approximately.
n

P(16<?<18)>o_48

P(f > 13) <0.5-0.48=0.02

Given p| , 1816 s
9/
Y Aln

2vn

Pl 7> J] <0.02
9

From the GC, P(Z > 2.0537) =(.02

,2£>2_()537

9

n>85.4

Least n= 86
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