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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax®> +bx+c=0,a#0,

—btVb* —4ac

2a

Binomial expansion

(a+b)" =a’ +('1'Ja"-1b+[ga"‘2 b? + ...+("Ja"-’ Vs b,
r

! - _
where n is a positive integer and P L nr=D.n-r+h )
r} (n—r)ir! !

2. TRIGONOMETRY
Identities
sinf A +cosfA=1
sec*4=1+tan* 4
coseccA=1+cot* 4
sin (4 + B)=sin 4 cos B+ cos 4 sin B
cos(Ad+B)=cosAcosB T sindsin B
tan 4 +tan B
13 tan Atan B
sin 24 = 2Zsin Acos 4
cos 24 = cos? A — sin® A =2cos? 4 - 1=1-2sin* 4

tn24= 224
1-tan® 4

tan(A+ B) =

a b ¢
smd sinB sinC
a*=b*+c*—2bccos 4

A= l becsin A
2

Formulae for AABC
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Answer all the questions
— z —
1 Express ij&—l in partial fractions.
Bx+D(x-1) (5]
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2 (a) Find the amplitude and period of
(i) 3cosx, [1]
(i) 1-4sm2x 2]

(b) Sketch, on the same diagram, the curves y =3cosx and y =1-4sin2x for
0° <x<360". [3]

(¢) State the number of solution(s) for which the equation 4sin2x=1-3cosx
has. [1]
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3 (a) (i) Find the first three terms in the expansion, in ascending powers of x,

»
of (Z—EJ .
3 (2]

(ii) Hence find the value of p, where p is an integer, such that the

7
coefficient of x* in the expansion of (p+ :c)2 [2 - %) is —~§3—2— P ”
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3 (b) By considering the general term in the binomial expansion of (xz - ZLJ ,
, x

explain why there is no independent term in this expansion. [4]
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4 The equation of a curve is y = ax® +4x+3a—7, where a is a constant.
The line y =2ax—35 is a tangent to the curve as point Q.

() Find the possible values of a. [4]

(ii) Given that the gradient of the line y =2ax—35 is positive, find the
coordinates of 0. 2]
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5 Mr Lu invested a sum of money in a bank in 1980. The value of the imvestment,
¥ in thousands dollars can be modelled by an equation of the form V =V &',

where ¥, and & are constants and ¢ is the number of years since Mr Lu mvested

the sum of money.
The table below gives some values of ¥ and ¢.

t (years) 5 10 15 20 25
V{in
thousands 192 370 714 1374 2642
$)

(i)  On the grid provided in the next page, plot ig}” against t and draw a
straight line graph to illustrate the information.

The vertical IgV-axis should start at 1.8. I3}

Use your graph to estimate

(ii) the initial value of the investment, 2]

(iil) the value of £, [31

(iv) the time for the initial value of the investment to increase by 50%. 2]
Canberra Secondary School Additional Mathematics 4042/01
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6 (a) Find the range of values of x for which 2x(x—-3)2>3-5x. [3]
(b) Find the greatest value of & such that the line 2y +k =x does not intersect
the curve y =2x+ 6 , where k is an integer. (4]
X
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7 The equation of a curve is y=2x> ~6x+9.

(8) By expressing 2x? —6x+9 in the form a(x+5)* +c, where a, b and ¢ are

constants, explain if it is possible for the curve to have a value smaller

9
than 5 . [2]

(b) Theline y =3x+35 intersects the curve y =2x>—6x+9 at points P and Q.
Find the length of PQ and express your answer in exact form. [4]
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y4
B~
=27+
X (x— 3
X
S I
The diagram shows part of the curve y =27+ ( 2)3 which crosses the axes at
x —
points 4 and B.
(a) Explain why the curve does not have a stationary point. (3]
(b) Find the coordinates of 4 and of B. [2}
Canberra Secondary Scheol Additional Mathematics 4049/01
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8 (¢) Find the equation of the normal to the curve at B. [3]

(d) The normal to the curve at B cuts the x-axis at C.
Find the area of triangle BOC. [2]
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9 In the diagram, AP is a tangent to the circle passing through 4, B and C.
AC is the diameter of the circle and PBC is a siraight line.
The bisector of angle APC meets AB at H and AC at K.

(i) Show that triangle BAP is similar to tnangle BC4. [2]
(ii) Prove that AH=AK. {21
Canbema Secondary School Additional Mathematics 4049/01
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9 (iii) Given that triangle BHP is similar to triangle 4KP, prove that
AH x HP = KPx BH . (2]
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1x

10  The equation of a curveis y = , Where x> % .

1-x
Find & and explain whether y is always increasing or decreasing.
dx [5]
Canberra Secondary School Additional Mathematics 4049/01
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2

11 A curve is such that fixy =36e* —e*.

=
The curve intersects the y-axis at 0(0,5) and the tangent to the curve at Q has a

gradient of 14.
Find the equation of the curve. 7
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12 A particle P travels in a straight line and its velocity, v m/s, is given by

v =4sin’ (%] —1, where ¢ is the time in seconds after passing a fixed point O.

Find

() the initial velocity of P, 1]

(ii) the velocity when the acceleration first reaches 2 m/s’, (4]
Canberra Secondary School Additional Mathematics 4049/01
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12 (jii) the value of  when the particle is first instantaneously at rest after passing
the fixed point O, [3]
(iv) the total distance travelled during the 3™ second of the motion. [3]
End of Paper
Canbema Secondary School Additional Mathematics 4049/04
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Suggested Solutions

Remarks

“3x? +12x-1 A4 B C
= —t
Gx+D(x-1)* 3x+1 x-1 (x-1
=357 +12x~1= A(x -1)* + BOx+ D(x -+ C(3x+1)

When x=1,
—3+12-1=C(4)

C=2

When x =-—1~,
3
2 2
Aol
3 3 3
A=-3

When x=1, 4=-3, C=2
—1 = (=3)(=1)* + BO(-D +(2)0+1)
B=0

—3x2+12x-1___ 3 N 2
(3.76+1)(J¢:—1)2 3x+1 (Jc—l)2

[M1]

[Ml1]

[MI]

[MI]

[Al]

2(2)(»)

3cosx
Amplitude =3

Period = 360°

[BI]

2(a)(ii)

1-4sin2x
Amplitade =4

Period = -3—-@—

=180("

[B1]

[BI]
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2(b)

} C EE
T y=1-4sin2x [
ST Correct shape
L M1]
_ - Smoothness
- ‘9' e = [M1]
; /7 . T Intersection
2(c) 4 solutions [B1]
3(a)(1) Y7 7 . 2
7 6 X 5 X
3] -2 (e (L)) - 1]
448 224 ,
=128 ———x+—x" +...
3 T3 [A1]
3(a)(i1) 7
(p+x)2(2—-§) :(p2+2px+x2)[128—i;§x+3§—4x2+...]
=%p2x2 —%px2 +128x° +... [M1]
=(2§-p2—§9—6p+128]x2+...
3 3
224 896 32
RN WAt M)
256 p* 896 p+384=0 M1]
20 -7p+3=0
(p-3)2p-1)=0
p=3
P =% (rejected) [Al]
3(b)
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17 9 17-# 1 r
Ty = r)(x) [“ﬂ) (M1]
(17Y 342 AIY(LY
= 2N -1Yi=1 | -
\r](x )( )(2) (x)
(17 P(1Y 3a-n
= , (—1) [EJ X I_M].]
Let x34——3r _xD [Ml]
34-3r=0
_
3
1l
3 [Al]
Since 7 is not an integer, there ig no independent term.
4(1) y=ax®+4x+3a—7---()
y=2ax—5---(2)
Sub (2) into (1)
ax’ +4x+3a-7=2ax—5
ax® +(4—2a)x+3a—-2=0 [M1]
bt —4ac=0
(4-2a)* - 4a(3a—2)=0 [M1]
16 -16a+4a> 124> +8a=0
84> —8a+16=0
a*+a~-2=0 M1
{(a+2Ya-1)=0 (M1]
a=-2,a=1 [Al]
4(i1) Since gradient is positive, a = 1.

y=x2+4x—4---(1)
y=2x-5---(2)

Sub (2) into (1)
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2 +4x—4=2x-5

X +2x+1=0

(x+1)? =0
x=-1 M1}
Sub x=-1,
y=-2-5
y=-7
O(-1,-7) [Al]
5(1)
1 (years) 5 10 15 20 25
V(in
thousands 192 370 714 1374 2642
$)
gV 228 257 2.85 3.14 342
[G1] Axes
[G1] Points
plotted
correctly

[G1] Straight
line passing
through all

plotted points.
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5(ii) From graph
lgv=2 [MI1]
Vv =10?
V=100
e . . [Al]
The initial value of investment is $100 000.
5mi) | v=vi
lgV =tlgk+l1gl,
From graph,
Gradient= 3—08-—ﬁ = 1—7 [M1]
19-7 300
=1L
300 [M1]
k=1.13937
k=~1.14 [Al]
5(iv) | Increase by 50% - investment is at $150 000
V=150
lgV =218 MI]
From graph, when 1g}” =2.18, ¢ =3.25 years [A1]
6(a) 2x(x-3)23-5x
2x? —6x23-5x [MI]
Expansion
26t —x-320 M1]
(x+D(2x-3)=20 Factorisation
x<-1 or m% [A1]
6(b) | 2y+k=x---(1)
y=2x+é---(2)
x

Sub (2) inio (1)
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2(2x+§]+k =x

X

4x+1—%+k= x
x

4 + 12+ kx =x*
32 +hx+12=0

b —dac<0

k* —4(3)(12)< 0

k2 -144 <0

(k+12)(k-12) <0
“12<k<12

Therefore, the greatest value of £ is 11.

[MI]

[(M1]

[M1]
[Al]

7(a)

y=2x>~6x+9
=2(x2 ~3x)+9

(-3

2
:2[x-—-3—] +2
2 2

. 39). .. .. .
Since | =,= | is a minimum point, it is not possible for the curve to

272

have a value smaller than % )

[MI1]

[Al]

(b}

y=3x+5---(1)
y=2x*-6x+9---(2)

Sub (1) into (2)

2x% —6x+9=3x+5
2x2 -9x+4=0
(x-4)(2x-1)=0

x=4x==
2

M1}
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Subx=4
y=3(4}+5

=17
4.17)

[MI1]

[M1]

[A1]

8(a)

Since —@2;&0 forall x#2,
dx

the curve does not have a stationary point.

[MI]

[MI]

[Al]

8(b)

Subx=0
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B(0,26)

Suby=0
0=27+

(2)

27 = 8 3
(x-2)
=8

27(x-2)

[B1]

[B1]

8(c)

Gradient of normal =
y-26= %(x ~0)

2
=—x+26
Y=3

M1]

[M1]

[A1]

8(d)

Suby=0
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Area of triangle BOC
= 1 x39% 26
2

=507 units’

[MI]

[Al]

9()

£PAB = ZBCA (alternate segment Thm)
ZABC =90° (angle in semi-circle)
ZABP =90 (angle on a straight line)

S LABP = ZABC =90°

-~ ABAP is similar to ABCA (AA)

M1]

[Al]

9(ii)

Let ZAKH =x,

ZLKAP =90" (tangent perpendicular to radius)

ZAPH =90" — x (sum of angles in triangle)

ZHPB =90° ~ x (angle bisector)

ZABC =90° (angle in semi-circle)

ZABP =90 (angle on a straight line)

£BHP =180° ~90° ~(90° - x) (sum of angles in triangle)
=X

ZAHK = x {vertically opposite angles)

.. Since ZAHK = ZAKH , AH = AK (isosceles triangle)

[M1]

[Al]

9(ii)

Since ABHP is similar to AAKP
AK _KP
BH HP
AH KP

> —=—
BH HP

= AH x HP = KPx BH (Proved)

(AK = AH from (ii))

[MI1]

[Al]
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er

y=1-x

dy _2e¥(1-x)+e”
& (1-x)
3™ — 2xe™
(1-x)’
_&(3-2%)
S

Since x>§,
2

(1-x?*>0
1 >0
(1-2)’
(3-2x) <0
(1-x)
" (3-2%) _
(1-z)
dy

— <0
dx

dy

0

Since o <0, y is always decreasing.

[MI1]

[(Ml1]

[M1)

[M1]

[Al]

11

=126 +e ¥ +¢

Sub 2=l4,x=()
dx
14=12+1+c¢

c=1

[M1]

(M1]

[M1]
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M1
Q=1263”+e"‘+1 (M1]
& (1]
y=[12¢" +e +1dx
y=4e"* - +x+d
Sub x=0,y=5
5=4-1+0+4d [M1]
d=2
[Al]
y=4e* —e” +x+2
12(3i) _ a0 =
_ When t=0, v=4sin > —1=~1m/s [B1]
*. nitial velocity =-1 m/s
12(ii) | When acceleration, a = 2 m/s?
Q—Ssin L |xcos £ :'cl
dt 2 2)72 [M1]
4sin(£) cos[£] =2
2 2
2sinf=2 [M1]
sint=1
7 [MI]
2
. when a =2 m/s?, t=—g-and v:4sin2[%)—1
1 2
v=4x|— | -1=1m/s LAL]
%)
12(i11} { Instantaneousrest=> v=10
1
= 4sin2[£)-1=0 (Ml
2
= sin(i :il
2 2
:> H{:E’S_’r,ng_,_ . [MI]
2 6 6 6
For first instantaneous rest, éz%
= t=§ or 1.05 second [Al]
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12(iv)

cost=1—2sgin® (1)
2

2sin2(%j=l—cost

4sin’ (—%) =2-2cost

S = [4sin® G)-m
=I2—zcost—1dt
=Il—2costdt
=t—2sint+c¢

Whent=0,5=0,c=0

Whent=2
S =2-2sin(2)

=~0.18140

When =3
§=3-2sin(3)

=2.7177

Distance travelled during the 3" second
2.7177-0.18140=2.54 m

[M1] Double
angle formula

[M1] Finding
Seithert=2
ort=3

[Al]
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