2017 SAJC Prelim Paper 1
Answer all questions [100 marks].

|1 The volume of a spherical bubble is mcreasmg at a constant rate of A-em? per second.

' Assuming that the initial volume of the bubble is negligible, find the exact rate in terms
of A at which the surface area of the bubble is xncreasmg when the volume of the
bubble is 20 cm?. : . S - 5]
[The volume of a sphére, Y= %mﬂa and the surface area of a sphere, A = 477 where r is
the radius of the sphere.]

: The diagram shows the triangle ABC. It is given that the helght AD is h units,
AABD—'—:;- and AACD—I + x.

A .
_ - c
B D
Show that if x is sufficiently small for x* and higher powers of x to be neglected, then
BC=-\?_-+—-~—h—w h (p +gx +rx2)
. 3 ian [E + xJ
4
for constants p, g, rto be determined in exact form. _ : - 51
3 It is given that
2
, X
bil-— for —a<x<a
fey=q * <
2 .
-a 1—£x—~%£-)- for a<x<3a
a .

and that f(x--4a)=1{(x) for all real values of x, where a and b are real constants and
O<a<b. _ _
(i)  Sketch the graph of y = f(x) for —a<x<8a. o ‘ o [3}

(i) Use the substitution x = acos@ to find the exact vatue of I:aaf(_x) dx in terms of «
and 7. 5]

(i) State a sequence of transformations that would transform the curve Wl'[h equa'uon

y= ¢” onto the curve with equation y =f(x) , where f(x) e b, a>0
and b>1. : _ - - {2

(i) Sketch the curve y=f(x)and the curve y = (l )’
x
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You should state clearly the equations of any asymptotes, coordinates of turning
points and axial intercepts. 5}

It is given that »+ v —w is perpendicular to u—v+w, where u, v and W are unit
vectors.

@) Show that the angle between V and W is 60", [4]
Referred to the origin O, the points U/ , V' and W have position vectors u, vand W
respectively.

(ii) Find the exact area of triangle OVW. [2]

(iif) Given that W and VXW are parallel, find the exact volume of the solid ,

oUvw. - 12
[The volume of a pyramid is -::—bh, where b is the base area and / is the height of the
pyramid.}
(a) (i) Find J e’ cosnx dx, where 7 is a positive integer. (4]

2 .
(ii} Hence, without the use of a calculator, find J- " cosnx dx when n is odd.
T

[3]

(b) The region bounded by the curve y = _m_16—xx2 , the y-axis and the line y = -\]/g is

rotated 27 radians about the x-axis. Find the exact volume of the solid obtained. [5]

(i)  Show that for any complex number z = r¢'’, where » >0, and -7 <@ <7,
z 1 1 ( BJ.
——=———f cot— 1.

2

z—r 2 2
[3]
(#) Giventhat z = 2¢ [3} is a root of the equation z” —2z+4 = 0. State, in similar form,
the other root of the equation. ]
4w’ 4w

4=0.
[4]

(iii) Using parts (1) and (ii), solve the equation e — +
(w—=1)" w-1

In a training session, an athlete runs from a starting point S towards his coach in a
straight line as shown in the diagrams below. When he reaches the coach, he runs back
to § along the same straight line. A lap is completed when he returns to S. At the

beginning of the training session, the coach stands at 4, which is 30 m away from S.
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- After the first lap, the coach moves from A4, to A4, and after the second lap, he moves

.| from 4, to 4, and so on. The dlstance between 4, to 4., is denoted by 44,,,i€Z".

A, AZ A} Ai Af+'1

! l | ] : - I !
| f I | [ |

Figure 1

(i) For training regime 1 (shown in Figure 1), the coach ensures that the distance
AA,=3mfor i€Z". Find the least number of laps that the athlete must |

T+

complete so that he covers a total distance of 3000 m. _ i31

4 4, 4 | /fr Ay,
| I {

Figure 2

) (ii)- For training regime 2 (shown in Figure 2), aftér the first lap, the Coach ensures that
the distances 4,4, = 2 m, 4,4, =6 m and the distance 4,4, = 3A,A,+1 where
i€Z". Show that the distance the coach is away. from S just before the athlete
completed 7 laps is (3™ +29)m.

Hence find the distance run by the athlete after n complete laps. Also find how far
the athlete is from the coach after he has run 8 km. _ 16]

The diagram below shows the curve C with pa_ramc:tri(_: equations

x =1+ 2sind, yz4+\/§cosﬁ, for ~w<B@<m.~

v

The poiht P is where 6 = % .

.(i) Using a non-calculator method, find the equation of the normal at
P. | [4]
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(ii) The normal at the point P cuts C again at point O, where f=¢ . Show that

8sing ~23cosc =1 and hence deduce the coordinates of 0. 3}
(iii) Find the area of the region bounded by the curve C, the normal at point P and the
vertical line passing through the point Q. . (4]
10 | A population of 15 foxes has been introduced into a national park. A zoologist believes
that the population of foxes, x, at time ¢ years, can be modelled by the Gompertz
equation given by: = _
dx [ 40]
—=cxln| —
dr x
where ¢ is a constant.
(i) Using the substitution u =In (f‘g) , show that the differential equation can be
' X
written as 5% = —cu, : . 2]
dr
. . — Be“(:t .
(ii) Hence find # in terms of t and show that x = 40e , Where B is a constant.
[5]
After 3 years, the population of foxes is estimated to be 20.
(iii) Find the values of B and ¢, _ [3]
(iv) Find the population of foxes in the long run. 1]
(v} Hence, sketch the graph showing the population of foxes over time. [2]
11 | A computer-conirolled machine can be programmed to make plane cuts by keying in the

equation of the plane of the cut, and drill holes in a straight line through an object by
keying in the equation of the drill line.

A 10cm x 20 cm x30 cm cuboid is to be cut and drilled. The cuboid is positioned relative
to the x-, y-and z-axes as shown in Figure 1.

. Driii line
z 1'4

F

G G / F

PN
Q

O B B B

20 ¢m
QO 10cm A4 y, O A _;
X .
Figure 1 X Figure 2

83




First, a plane cut is made to remove the corner at £. The cut goes through the points P,
0 and R which are the midpoints of the sides ED, E4 and ETF respectively.

0Yy  (-10 o
(i) Show that PO =| 5 |and PR=| 5 |. | 2]
~15 L0
(ii)  Find the cartesian equation of the plane, p that contains P, Q and R. [2]
(iii)  Find the acute angle between p and the plane DEFG. 2]

.A hole is then drilled perpendicular to triangle POR, as shown in Figure 2. The hole

| passes through the triangle at the point 7" which divides the line PS in the ratio of 4:1,
‘where § is the midpoint of OR. ‘

(iv)  Show that the point T has coordinates (~4, 9, 24). {31

v) State the vector equation of the drill line. 1]
| (vi)  If the computer program continues drilling through the cuboid along the same
line as in part (v), determine the side of the cuboid that the drill exits from. Justify your
answer. _. [4]

'~ End Of Paper -
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ANNEX B
SAJC H2 Math JC2 Preliminary Examination Paper 1

1 |Differentiation &

Applications 2 (ﬂsj cm’/s
1
2 |Maclaurin series i
3 |Functions T
—ab
4
4 |Graphs and i)

Transformation 1. Scale by a factor of 1 parallel to the x-axis,

Ja
2. Translate the resulting curve by b units in the
negative y-direction.

5 |Vectors 3
ii) —— units®
4
iii) N3 units’
12
6 |Application of a)

Integration . n’ sinnx)  1(e*cosnx
i) > || e +— tc
1+n n n n

b) —— units®
8
7 |Complex numbers {_Ej
i) z=2e" *
1 B 1B
iil) w=———iorw=—+—

8 |AP and GP i) n=24
i) (3" —1) +58n, 5614 m away from the coach once he

finishes 8 km.

9 |Application of o 3
Integration i) ¥y= 2’“’5

i) 0 (0.421, 2.34)
iii)  2.77 units®




10 |Differential Equations iii) x = 40 081"
iv) 40
11 |Vectors i) 3x+6y+2z=90
iii) 6=73.4°
-4 3
ivyr=| 9 [+A] 6|, A00 .
24 2

v) The drill line will not exit from the side GCBF.




H2 Mathematics 2017 Prelim Exam Paper 1 Solution

1
\ =ﬂ7rl’3

v =4xr? dr
dt dt

When V=20,

20=—7r?

2
ﬁ_i(ET
dt 4x\15

Surface Area,
A=A4rr?

dA dr
— =8nr—
dt dt

1 2
When r :(E)s ,ﬁzi(ﬁj"‘_
s dt 4r\15
dA_dA dr
dt dr dt

1 2
o 2] 55
=87l =2 2| 2
7 ) 4r\15
1
TE
:2/1(—j cm</s
15




(1)
BC =BD +DC
h h

+
T
tan— tan + X
3 4

(i)
B

h

&= °

_|_
fan z+tan X
4

1-tan Etan X
4

hv3 h(l-tanx)
3 i 1+tan x
_hJ3  h(l-x)
~T+ 1+X

hf

= ——+h(l-x)@+x)"

hf

= 13 ha-xs xRy

hf

:—+h(1 X)L—X+X*+...]

hf

:—+h(1 2X+2X% +...)

=h [1+§ - 2x+2x2J




(i)

2
- b,/l—% dx
z a’cos’ @
:bj2 1-2 =" (~asing) dg
a a

:abEsinze do
2

:abj-;rl—cosze 40
2

2
:a_b{ _sinze}”

2

2

ab[ 7Z'j|
= —\\ T —
2 2

=Zab
4

T




()

y=e* —b=e -b

If f(x)=¢e* , then f(x/gx):eu""_x)2 and so
y=f(x)—>y=f(\/5x)—>y=f(\/5x)+b

Hence the sequence of transformations are:

(vax)

1. Scale by a factor of 1 parallel to the x-axis,
Ja

2. Translate the resulting curve by b units in the negative y-direction.

(i) Y

A
y=f(x)
o > X
(- @,OK/Q/@,O)
d a
(0,1+b)
y=1/f(x)
y=0 » X

Inh




i

(Si)nce u+Vv—w is perpendicularto u—v+w,
(U+v—w)-(u-v+w)=0

u-u—u-v+u-w

+V-U—V-V+V-W

-W-u+w-v—-w-w=0

. 2 2 2
Since u-u=|u|",v-v=|v[ ,w-w=|w|",and u-v=v-u,u-w=w-u,v-w=w-v,

|u|2 —|v|2 —|W|2 +2v-w=0

Since u,v,w are unit vectors, |u|=1|v|=1|w|=1,
1-1-1+2v-w=0

<
=
I

N, NP NP~

|v||w|cos 6 =

cosd =

Hence, 8 =60
(ii)

1 60°

o
 /
<

Area of AOVW

=(%(OV)(OW)sin60°j

(Hwa| 2]

Ne]

=" units?
4

(iii)




o 1 60 v

Since u and vxw are parallel, we have OU 1. OV,0U L OW.
Volume of OUVW

= %(Area of AOVW)(OU )

5[
B3

=" units®
12




(a)

(i) Using integration by parts,

J'eX COoS Nx dx

sin nx
n

:ex( )_

Rearranging,

[l+n—12)fe" cosnx dx = ex(

Iex cosnxdx = [

2z
(i) I e*cosnxdx = (

el

For any positive integer n,

n2

1+n?

{

If n is odd,

2r X
j e* cos nx dx
T

(b)

u=e — =Cc0snx
dx
du_eX V_sinnx
dx n
er .
I—smnxdx
n
X dv .
u=e — =sinnx
dx
du_ex _ cosnx
dx n
1| e*cosnx e*cosnx
—| - +I dx
ni n n
1(e*cosnx) 1 ¢,
- — ——2.[e Cos nx dx
n n n

e* cos nx

sin nx +1 e cos nx
n n n
n’ L(sinnx) 1(e*cosnx
|| e + - —
1+n n n n
2 -
n «fsinnx) 1
= || e +=
1+n n n
sin2nz ) 1(cos2nx sinnz

ﬂ +c where c is a constant

i

n

1(cosnxz

n n n n

el

)+

sin2nz =0 and cos2nz =1

n n

(=)

sinnz =0 and cosnz =-1

2

1
0+—

v

[ n
1+n

o

2

o1

IR

o J(ez” +€") (Ans)




X
. \/; 2 _ X
y= > =Y BV
16— x (16—x )
Hence volume required
=r’h— ﬁjoz y2dx
2
=7 Q (2)—7tj‘z%dx
12 * (16-x2)
2
A Pl o) g
12 (=2) (16-x?
2 a7?
16-x°
— 7 ﬁ (2)+£[&]
12 2 -1
0

4 ozl 1 1
=— Tt ——+—
144 2[ 12 16}

_57 units®
288




z2°-2z+4=0

T V4

From (ii) the solutions are z = 2el[§j or z= 2e_(3j
Since

T
3 T

Part (i) result can be used as z = 2el( j , Where r =2 with 6 =%, 0=— 3

1 1 7). 1 1. T
W=———|cot— |l or W=———|Ccot| ——
2 2 6 2




iorw

1B
2

W=
2




(i)
Distance travelled per lap is in AP:
a=2(30)=60,d=2x3=6.

Given total distance travelled > 3000
g [ 2(60) + (n — 1)6] > 3000

3n?2+57n-3000>0
(n +42.52)(n-23.52) >0
n<-42.52o0rn>23.52

Sincen eZ", least n = 24

(ii)
Distance of the coach from S just before the runner completes the rth lap
=30+2(3") +2(3") +2(3%) +...+2(3?)
=30+2(1+3+3%+...+37%)
r-1
=30+ 2(3 _1]
3-1

=30+(3"*-1)
=3"14+29
Distance covered by the athlete after n laps

= 2"12(3“1 +29)
r=1
~23'37 13 (58)
r=1 r=1

2337 458

r=1

= 2[3n _1]+58n
3-1
=(3"-1)+58n
When D =8000m
8000 =(3"-1)+58n
From GC,
n=38.1254
Hence the athlete has run 8 complete laps.
The athlete has completed 7024 m
Hence he still have 8000-7024=976 m
On the 9th lap, the coach is 3" +29=6590 mfrom S.

Hence the athlete would be 6590- 976 = 5614 m away from the coach once he finishes

8 km.




ﬁzzcose, d_y:_ 3sind
do

do

dy _—VBsing _ 3,

dx  2cosé 2

When 0==, x=2 ,y=-2 ¥__1
6 2 dx 2

Equation of normal : y—(l—zlj =2(x-2)

3
=2X+—
y 2

(if)
x=1+2sin@------ @
y=4+3c0s0---- (2)

Substitute equation (1) and (2) into y= 2x+g
4+3cos6 =2(1+2sin 9)+§

%+ 3cosd=4sind

8sin @ —2/3cos O =1

AtPointQ, 0=«

8sin o — 24/3cos & =1 (shown)

Using GC: a=-2.847916 or «=0.52359 (Reject, same as %,point P)

Hence, using GC
coordinates of Q (0.42105, 2.3421)
Q (0.421, 2.34)

(iii)

whoe

s
v




when x = 0.42105

0.42105=1+2sin@

sind =-0.289475

6 =—-0.29368 or —2.8479 ( at point Q)

2 2
= Y1 dx — Y, dx

0.42105 0.42105

2 3
Required Area :J._%I29368(4+\/§COS6’) (2C0$9)d9—j0l42105(2X+§j o

=8.9613-6.1911
=2.7702~ 2.77 units® (3s.f.)




10

=In(40) - In(x)
du 1
d x
du_du de
dt  dx dt

)=l 3)
=|-=|cxIn| —
X X
=—cu
(i)
du_
dt
1
Iadu:—jc dt

In|u| =—ct+d

—CU

—ct+d

uj=e

u=xte'e™

=Be™, B=t¢'

Replace u with In (4—0)

X
In (4—0) =Be™
X

40 Be
—=p
X
40
X =

Be~ ct

e
X = 40e
(iii)
When t =0, x=15,
15 =40e®

—ct

B=In (g) =0.98083=0.981

When t=3, x=20




20 = 40e % "

e Be=3¢ :l
2
Be*=In=
2
3 1
In| = |(e*)=In| =
& Jle)=m(3)

3)
In 5
c=—=In| —=£ |=0.11572=0.116

> {nf3)

X = 4Oe—0.981e'°'116‘

(iv)

The population of foxes in the long run is 40.
(V)

A




30 15 30

0 0 0 -10

PQ=0Q-OP=[10|-| 5 |=| 5 PR=OR-OP=| 10
15 30 -15 30

(i)

A normal to p

0 -2 3

1|x| 1 |=|6

-3 0 2

Equation of plane

3 0)(3
r-{6|=101-6
2 15

3
r-{6=90
2

3Xx+6y+2z=90

Or any equivalent equation of plane

(iii)

0
A normal to the plane EFGH = | 0
1
(or any equivalent vector)
0) (3
O|el 6
1) (2 2|
cosf = =
1xJ9+36+4 /49
0=73.4°
(iv)
. . 0 -10 -5
OS=E[OQ+OR]=E 12+—;g = 11
22—







H2 Mathematics 2017 Prelim Exam Paper 1 Question
Answer all questions [100 marks].

1 Without the use of a calculator, find the complex numbers z and w which satisfy the
simultaneous equations
z—wi=3
7> —wW+6+3i=0
(6]
2 | The function fis defined by f: x > ——, xeR, x>1.
X —_
(i)  Show that 2 —§+ 1 _An+B , where A and B are constants to be found. [3]
n-1 n n+l1 n®-n
1 2r+6
(i)  Hence find Y T [4]
r=2 -
.. . ! 2r+10
iii)  Use your answer to part (ii) to find : 1
(i) Usey part (1) 2 (r+2)(r=3) [
3| The function f is defined by f:x rs>—=—, xeR, x>1.
X —
(i) Find f~*(x) and write down the domain of f*. [3]
(ii)  On the same diagram, sketch the graphs of y=f(x), y=f"(x) and y =f 'f(x)
stating the equations of any asymptotes and showing the relationships between the
graphs clearly. [4]
(iii)  State the set of values of x such that ff (x) = 'f(x). [1]
4 Referred to the origin O, the point A has position vector —5i + 2j + 2k and the point B

has position vector i + 3] — 2k. The plane 7 has equation:
r=Q+A-2u)i+B-22)j+(u—2)k where 1, uecR

Q) Find the vector equation of plane = in scalar product form. [2]

(i) Find the position vector of the foot of perpendicular, C, from Ator . [3]

The line 11 passes through the points A and B.

The line I3 is the reflection of the line 11 about the plane 7. Find a vector equation of ..

[3]
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2a

It is given that DEFG is a square with fixed side 2a cm and it is inscribed in the isosceles
triangle ABC with height AH , where AB = AC and angle BAH =6 .

Q) Taking t=tan@d , show that the area of the triangle ABC is given by

S:a2(4+4t+a [3]

(i) Find the minimum area of S in terms of a when t varies. [4]
(ilf)  Hence sketch the graph showing the area of the triangle ABC as & varies. [3]

(@) There are three yellow balls, three red balls and three blue balls. Balls of each colour
are numbered 1, 2, and 3. Find the number of ways of arranging the balls in a row such
that adjacent balls do not sum up to two. [2]
(b) Inarestaurant, there were two round tables available, a table for five and a table for
six. Find the number of ways eleven friends can be seated if two particular friends are not
seated next to each other. [4]

For the events A and B, it is given that

P(ANB)=06 P(AUB)=083 and P(A|B)=0.83

Find,

() P(B) [2]
(i) P(ANB) [2]
(iii)  P(B|A) [2]
Hence determine whether A and B are independent. [1]

A fairground game involves trying to hit a moving target with a gunshot. A round consists
of a maximum of 3 shots. Ten points are scored if a player hits the target. The round
ends immediately if the player misses a shot. The probability that Linda hits the target in
a single shot is 0.6. All shots taken are independent of one another.

(i)  Find the probability that Linda scores 30 points in a round. [2]
The random variable X is the number of points Linda scores in a round.

(i) Find the probability distribution of X. [3]
(iti)  Find the mean and variance of X. [4]
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(iv) A game consists of 2 rounds. Find the probability that Linda scores more points in

round 2 than in round 1. [2]
9 Six cities in a certain country are linked by rail to city O. The rail company provides the
information about the distance of each city to city O and the rail fare from that city to city
O on its website. Charles copied the table below from the website, but he had copied one
of the rail fares wrongly.
City A B C D E F
Distance, x km | 100 270 120 56 289 347
Rail fare, $y 11.1 17.1 6.44 7.62 17.9 18.8
(i)  Give a sketch of the scatter diagram for the data as shown on your calculator. On
your diagram, circle the point that Charles has copied wrongly. [2]
For parts (ii), (iii) and (iv) of this question you should exclude the point for which Charles
has copied the rail fare value wrongly.
(i)  Find, correct to 4 decimal places, the product moment correlation coefficient
between
(@) Inxandy,
(b) x*andy. [2]
(ilf)  Using parts (i) and (i), explain which of the cases in part (ii) is more appropriate
for modelling the data. [2]
(iv) By using the equation of a suitable regression line, estimate the rail fare when the
distance is 210 km. Explain if your estimate is reliable. [3]
10 | A factory manufactures round tables in two sizes: small and large. The radius of a small
table, measured in cm, has distribution N (30, 2%) and the radius of a large table, measured
in cm, has distribution N (50,5%) .
(i) Find the probability that the sum of the radius of 5 randomly chosen small tables is less
than 160 cm. [2]
(i) Find the probability that the sum of the radius of 3 randomly chosen small tables is
less than twice the radius of a randomly chosen large table. [2]
(iii) ~ State an assumption needed in your calculation in part (ii). [1]
A shipment of 12 large tables is to be exported. Before shipping, a check is done and the
shipment will be rejected if there are at least two tables whose radius is less than 40 cm.
(iv) Find the probability that the shipment is rejected. [3]
The factory decides now to manufacture medium sized tables. The radius of a medium
sized table, measured in cm, has distribution N (z, ) . It is known that 20% of the
medium sized tables have radius greater than 44 cm and 30% have radius of less than 40
cm.
(v)  Find the values of zand o . [4]
11 | The Kola Company receives a number of complaints that the volume of cola in their cans

are less than the stated amount of 500 ml. A statistician decides to sample 50 cola cans to
investigate the complaints. He measures the volume of cola, x ml, in each can and
summarised the results as follows:

D X=24730, D" x* =12242631.




Blank Page

M Find unbiased estimates of the population mean and variance correct to 2 decimal places
and carry out the test at the 1% level of significance. [6]
(i) One director in the company points out that the company should test whether the
volume of cola in a can is 500 ml at the 1% significance level instead. Using the
result of the test conducted in (i), explain how the p-value of this test can be obtained
from p-value in part (i) and state the corresponding conclusion. [2]
The head statistician agrees the company should test that the volume of cola in a can is
500 ml at the 1% level of significance. He intends to make a simple rule of reference for
the production managers so that they will not need to keep coming back to him to conduct
hypothesis tests. On his instruction sheet, he lists the following:

1. Collect a random sample of 40 cola cans and measure their volume.

_ . 2
2. Calculate the mean of your sample, X and the variance of your sample, S, .
3. Conclude that the volume of cola differs from 500 ml if the value of X lies.....

(iii)  Using the above information, complete the decision rule in step 3 in terms of S,.

[4]
A party organiser has n cans of cola and 2n packets of grape juice. Assume now that the
volume of a can of cola has mean 500 ml and variance 144 ml?, and the volume of a packet
of grape juice has mean 250 ml and variance 25 ml?. She mixes all the cola and grape
juice into a mocktail, which she pours into a 120-litre barrel. Assume that n is sufficiently
large and that the volumes of the cans of cola and packets of grape juice are independent.
(iv) Show that if the party organiser wants to be at least 95% sure that the barrel will not

overflow, n must satisfy the inequality 1000n + 22.9%—120, 000<0. [4]

— End Of Paper —
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ANNEX B
SAJC H2 Math JC2 Preliminary Examination Paper 2

1 |Complex numbers z=2ior z=-3i
w=2+3i or w=-3+3i
2 |Sigma Notationand | n+3
Method of Difference | 7=,
i3t 2
n n+l
el D 4 2
1) —— +
6 n+2 n+3
3 |Functions N f“(x):\/le; D, (x) = (0,e0)
X
i) x>1
4 |Vectors 2
Drl1|=-3
4
| =37 1 -46
i) =| 13 | L: r=| 3 |+¢| -9 |, tU0
"\ 10 2 |20
5 |Differentiation &
Applications i) 8a>
6 |P&C, Probability a) 151200
b) 1064448
7 |P&C, Probability i) 0.277
ii) 0.107
iii) 0.580; Events A & B are not independent.
8 |DRV 1) 0.216
iii) 11.76, 137.7024
iv) 0.358
9 |Correlation & Linear  [iia) r =0.9996
Regression iib) r=0.9514
iv) 15.73
10 [Normal Distribution i) 0.987
i) 0.828
iv) 0.0294
V) 0=293; u=41.5
11 |Hypothesis Testing i) x =494.60;s> =228.02
ii) p-value =0.00572<0.01, reject H,,.




H2 Mathematics 2017 Prelim Exam Paper 2 Solution

1 Method 1
z=wi=3
z—3
1
Substitute (1) into z> —w+6+3i=0
22 —(Bi—-zi)+6+3i=0

= 22 +zi+6=0

_=ixy(i) -4©) _ —ixy=1-24

= w= =3i-z (1)

= z= =
2 2
_-ixSi
2
0 z=2i or z=-31
= w=3i—-(2i)i w=3i-(-31)i
=2+3j =-3+3i
Method 2
z—=wi=3

= z=3+wi .... (1)

Substitute (1) into z> —w+6+3i =0
(3+wi) -w+6+3i=0

= 9+6wi-w-w+6+3i=0

= —w—-(1-6)w+15+3i=0

= W —-(1-6)w+15+3i=0

= w+1-6)w-15-3i=0

= ~(1=60) +J(1-6i)* —4(1)(~15 - 3i)

U

2
_ —1+6i£/1-12i =36 +60 +12i
- 2
_—1+6i£25
- 2
O w=2+3i or w=-3+3i
= z=3+(2+3i)i=2i z=3+(=3+3)i=-3i
Method 3
wi=z-3

=>w=-iz+3i
O z°—(-iz+3)+6+3i=0
= z +iz+6=0
Let z=a+bi where a,b[]
(a+bi)* +i(a+bi)+6=0
= a’ -b* +2abi+ai-b+6=0
= a’-b*-b+6+Q2ab+a)i=0
By comparing the real and imaginary parts,




a’-b"-b+6=0 ...(1)
2ab+a =0 ... (2)
From (2), a=0or b=—7
When a=0, b>+b-6=0
(b=2)(b+3)=0

b=2 or b=-3
Hence z=2i,w=-i(2i)+3i=2+3i
or z==-3i,w=-1(-31)+3i =-3+3i

——1l 2=l_1_g=-25
When b=-3,a =4-1-6=-2

There is no real solution for a.

(1)
2 3 1
-—+

n-1 n n+l
_2(n)(n+1)=3(n=1)(n+1)+(n-1)(n)
(n=1)(n)(n+1)

_ (Zn2 +2n) —(3n2 —3) +(n2 —n)

3
n —n

_n+3
n-n

(i)

i2r+6




1 2 2 n n n+l

_2(3 _2, Lj
2 n n+l
:3—i+i

n n+l
(i11)

1 2r+10

2 (2)(+3)
Let r+2=p=r=p-2
0 2p+6

2. -0(n) (p 1)
=n+22p+6

p=4p3_p
_"”2p+6_:52p+6
Sp-p ,,Z:;p“p

:3—4+2—3£+%
n+2 n+3 3 4

5 4 2
= - +

6 n+2 n+3

@

f:x >

x* -1
Lety=
¥ = x* -1
x’ —l+l

ﬂ+—
f 1
Since x>1, x= 1+—
ﬂ.ﬂ:,h+—:J——f.
X X




From graph of f, R, = (O, 00)
0D, (x)= (0.9).
(i1)

NORMAL FLOAT AUTO REAL RADIAN MP \

(iii)

Since ff_l(X) =f_1f(X) —X have the same rule, we investigate the domain
Df*‘f = (1’00) fo*1 = (O,oo)

Taking the intersection of these domains,

Range of values is x>1.




@

Equation of plane is

1 1 -2
r=| 3 |+A| 2 |+u| 0 |, A,u00
-2 0 1

A normal vector to plane is

1 -2 -2
=2 (x| 0 |=] -1
0 1 -4

Hence vector equation of the plane is

2 1 2
rlj1|=] 3 (01
4 -2) (4
2
rijj1=-3
4
(i)
-5 2
lac: r=| 2 |+s| 1|, sO0O
2 4
-5 2
Thus OC =| 2 |+s| 1 | for some sO0 .
2 4
Since C lies on the plane:
=5 2 2
2 |+s{ 1|01 |=-3
2 4 4
2(=54+25)+(2+s)+4(2+45)=-3
3
§=——
21
z(-ij-s
21 1 37
Thus OC = (—ijw =—| 13
21 7 10
4(—ij+2
21

(iii)

Using mid-point theorem




OA'=20C -OA

22 13 |- 2 =l 12
10)l2) "le
B is the point of intersection of /; and 77.
BA'=0A'-OB

1 -39 1
=—| 12 |-| 3
e ) |2
—-46
:l -9
7 20
| -39 -46
L: r== 12 |+t -9 |, tU0 or
6 20
1 -46
L: r= +t| -9 |, t0O0
2 20
@)
The height of triangle ADG is =2
tand ¢t

Hence AH :2a+ﬁ:a(2 +1j.
t t
BH = BE+EH =2atan 8+a = a(2t +1)

Area S Z%(AH)(BC)
S = %(2+%j(2a(2t +1))
S=a2(2+%j(2t+l)

_ 2( lj
S=a’| 4+4r+-

t
(ii)

bres(oct
dt t
ds

When — =0,
dr




1
Reject t =tan @ = 3 as @ is acute
d*s _ {2)
2 —4 |3
dr t

d’s
) —22613

dr 1
2

When ¢ = =16a>0.

3

| —

.. 1
Hence the minimum value of S occurs when ¢ = E

Minimum S = a* (4 + 2+2) =8a’.
(iii)
To sketch the graph of
S =a2(4+4tan9+ ! j
tan @

(a)

Since adjacent balls do not sum up to two, balls numbered ‘1’ needs be separated.
Number of ways of arranging the other balls with no restriction = 6!

Slotting in the balls numbered ‘1°, permutation is done as balls are of different colour =
’C, % 3!

No of ways

=6!x 'C, x3!

=151200

(b)

Method 1

2 friends

(6-1)!

Tabk
Case 1 — 2 friends are seated together attable of 5

X




No. of ways to select 3 other friends and arrange them at the table of 5= °C, x (4 -1)!

No. of ways to arrange the 2 friends = 2!

No. of ways to sit the remaining friends at the table of 6
=(6-D)!'=5!'=120

Total no. of ways = °C, x (4 —=1)x 21x 5! =120960

Case 2 — 2 friends are seated together at table of 6

2 friends
(5-1)! X
#f 5 able of 6
No. of ways to select 4 other friends™s fange them at the table of 6 =°C, x(5-1)!=
3024 x X

No. of ways to sit the 2 friends at the table of 6 = 2!

No. of ways to sit the remaining friends at the table of 5

=5-1)!=41=24

Total no. of ways = °C, x(5-1)!x2!x4!= 145152

No of ways to arrange 11 friends without restrictions

="C,x(5-1x(6-1)! =1330560

Total no. of ways of arranging 11 people such that 2 particular friends are not seated

together

= 1330560 — 120960 — 145152 = 1064448
Method 2

Alternative Method

Case 1: Two particular friends seated at table of 5

No of ways
=7C, x2!x3x2x5!

=120960

’C,: Selection of friends to be seated at table of 5. This automatically selects friends to
be seated at table of 6.

(3-1)!: Arranging the 3 other friends in table of 5.

*P, : Slotting in the 2 particular friends

5!: Arranging the 6 other friends in table of 6.

Case 2: Two particular friends seated at table of 6
No of ways

=°C, x4!x3!x4x3
=217728

’C,: Selection of friends to be seated at table of 5. This automatically selects friends to
be seated at table of 6.

(5-1)!: Arranging the 5 friends in table of 5.




4!: Arranging the 5 friends in table of 6.

*P, : Slotting in the 2 particular friends

Case 3: Two particular friends seated at separate tables
No of ways

=°C, x4!x5!x2
=725760

’C,: Selection of friends to be seated at table of 5. This automatically selects friends to
be seated at table of 6.

(5-1)!: Arranging the 5 friends in table of 5.
(6-1)!: Arranging the 6 friends in table of 6.
x2: The 2 particular friends can switch tables

Total no. of ways
=120960+ 217728 + 725760

= 1064448

(i)
Given P(A|B') =0.83
N P(An B") _
P(B")
0.6
= =0.
1-P(B)
= P(B)=1-0.72289=0.27711=0.277
(i1)
LetP(ANn B)=x

0.83

A B

0.12289

P(AOB)=P(An B")+ P(B)
=0.6+x+0.27711-x
=0.87711




10

P(AUB)'=1-0.87711=0.12289

Since P(AO B') =0.83
0.6+x+0.12289 =0.83

= x=0.10711
UP(An B)=0.107.

(iii)
p(B| Ay =PBOA)
P(A")
_0.27711-0.10711
T 1-(0.6+0.10711)
0.17

" 0.29289
=0.58042

=0.580
Since P(B|A") # P(B) = B is not independent of A’

[J A and B are not independent.

(1)
P(Linda scores 30 points)

P({hit, hit, hit})
= 0.6°

27

== (0.216)

(ii)

Let X be the number of points scored by Linda in a round.

X 0 10 20 30
P(X=x) |04 0.6x0.4 | 0.6°x0.4 | 0.216
=0.24 =0.144

(iii)
E(X) = 0x0.4 + 10x0.24 + 20x0.144 + 30x0.216
=11.76

E(X?) = 0?%x0.4 + 10?%0.24 + 20%%x0.144 + 30%x0.216
=276

Var(X) = E(X?) - [E(X)]?
=276 - 11.76* = 137.7024
(iv)
Let X1 be the number of points scored by Linda in Round 1 and let X> be the number of
points scored by Linda in Round 2.
P(Linda scores more in round 2 than in round 1)
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=P(X,=0 & X, 210)
+P(X, =10 & X, 220)

+P(X, =20 & X, =30)

= P(X, =0)P(X, 210)

+P(X, =10)P(X, = 20)

+P(X, =20)P(X, = 30)
=0.4x(1-0.4)

+0.24%(0.144 +0.216) +0.144x0.216
=0.357504 =0.358 (3 s.f.)

®
NORMAL FLOAT AUTO REAL RADIAN MP .;;-n

Ay
18.8 g o

7.62; - @

56 345

X

(i) (a)
Product moment correlation coefficient , r =0.99959

(b)

Product moment correlation coefficient, » =0.95137

(iii)

From the scatter diagram, as x increases, the value of y increases at a decreasing rate,
that seems to fit model (a) better. Also, the value of |r| for model (a) is closer to 1 as

compared to model (b).

@iv)

We use the regression line y on In x
y=6.1619(Inx)~17.223=6.16In x~17.2
When x=210,

y=6.1619(In210) -17.223 =15.725=15.7

As the value of |r| is close to 1 and x =210 is within the given data range, the

estimation may be reliable.

10

(1)

Let S be the random variable “radius of a small table in cm’.
Let L be the random variable “radius of a large table in cm’.
S ~N (30, 2°%)

L ~N(50, 5%)
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S,+S,+S,+S,+S, ~ N(5%30, 5%x2%)

S,+8,+5,+S,+S; ~ N(150, 20)

P(S,+S,+5,+S,+S, <160) =0.98733=0.987

(i1)

8,+S,+S, =2L ~ N(3%30-2x50, 3x2% +2°x5%)

S,+S,+8, =2L ~N(-10, 112)

P(S,+S,+S, <2L) = P(S$,+S,+S, —2L <0) =0.82765 = 0.828

(iii)

The radii of the large and small round tables are independent of one another.
v

iet) X be the random variable “number of large tables, out of 12, with radius less than

40 cm”.
X ~B(2, P(L<40))

X ~B(12, 0.022750)
P(X=2)=1-P(X <1)
=1-0.97064
=0.029357

=0.0294
v)

Let Y be the random variable “radius of a medium sized table in cm”
P(Y =244 )=0.20

P(Y <44 )=0.80

P(Z< 44_”jzo.go
g

M _0s4162
g

H=44-0.841620--~~(1)

P(Y <40 )=0.30
40—y
g

P(Z < j =0.30

407K _ 50440
ag

M =40+0.524400 - -~ ~(2)

Solving (1) and (2),
44-0.841620 =40+0.52440

4 =1.36600
0=2.9283=2093
H=41.535=415

11

@)

Unbiased estimate of population mean,
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7= 22730 _ 49460
50
Unbiased estimate for population variance,

2
st = 1 12242631 - 24730
49

j =228.02

Let X be the volume of beer in one beer can in ml and g be the population mean
volume of beer of the beer cans.
H,: =500
H, : <500
Under H, , since n = 50 is large, by the Central Limit Theorem,
2

X~N (500,;—()] approximately.

Use a left-tailed z-test at the 1% level of significance.

X -
Test statistic: Z = SSOO

~N(,1I) .

J50

Reject H,, if p-value <0.01.

From the sample,
p —value =0.0057248 =0.00572

Since p-value =0.00572<0.01, we reject H,. There is sufficient evidence at the 1%
level of significance to conclude that the volume of cola in a can is less than 500 ml.
(iii)

Let X be the volume of cola in one can in ml and g be the population mean volume of
cola of the cans.

H,: =500

H, : 1 #500

Unbiased estimate of population variance,

z_ﬂ 2
’ 39(s")

Under H, , since n =40 is large, by the Central Limit Theorem,

X~N (SOO, ;X; j approximately.
Use a two-tailed z-test at the 1% level of significance.
Test statistic: Z = X =500 ~ N(0,1)
NED
Critical values: z_,, =-2.5758 z_,, =2.5758 .

Reject Hif
Z,, $—25758 or z,22.5758.

Since H, is rejected,
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-2.5758 <z, or Z, = 25758
5758 <X 20 or 220055 5758

) 2 S,2

39 39

R) 2 R) 2
5002575820 <T  or ¥ >500+2.5758, =
500-0.412465 <X or X 2 500 +0.412465

500-0.412s <% or ¥ 2500+0.412s

Hence the decision rule should read:
Conclude that the volume of cola differs from 500 ml if the value of X lies within this
range :500-0.412s <X or x=500+0.412s .

(iv)
Let X be the volume of cola in one can in ml.
since n is large, by the Central Limit Theorem,

X +X,+..+X, ~ N(500n,144n) approximately.

Let Y be the volume of grape juice in one packet in ml.
since 2n 1is large, by the Central Limit Theorem,

Y+Y,+..+Y, ~ N(500n,50n) approximately.

X +X,+...+X +Y +Y, +...+Y, ~N1000n,194n)
P(X, +X,+...+ X, +Y +Y,+..+Y, <120,000) = 0.95
120,000 —1000n

V1941
120,000 —10007
J194n
120,000 — 10007 = 1.6449/194n

10007 +22.9v/n —120,000 < 0

P(Zs j20.95

>1.6449
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